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INFINITE SERIES 


SEQUENCES 


DEFINITION 


An infinite sequence is a real function whose domain is the set of all positive 
integers. 


A sequence a can be displayed in the form 
a(1), a(2),..., a(n), .... 


The value a(n) is called the nth term of the sequence and is usually written a,. The 
whole sequence is denoted by 


Cg hy Og hs ys ee 


Hyperintegers, which were introduced in Section 3.8, are a basic tool in this chapter. 
Since a, is defined for every positive integer n, ay, is defined for every positive infinite 
hyperinteger H. 


EXAMPLE 1 If the sequence is simple enough one can look at the first few terms and 
guess the general rule for computing the nth term. For instance: 


pee! Gree Feet Ue ne a, = 1 
=1,:0515,.2, 35.4. a, =n— 2. 
2, —4, —6, —8, —10,... ad, = —2n 
fe =leehes tele. a, =(—1)""? 
lant Pe: 
arc eee "on 


The graph of a sequence will look like a collection of dots whose x-coordinates 
are spaced one apart. Some examples of graphs of sequences are shown in Figure 9.1.1. 


9.1 SEQUENCES 


Figure 9.1.1 


EXAMPLE 2 The sequence 
3.1, 3.14, 3.141, 3.1415, 3.14159, ... 
is defined by the rule 
a, = % to n decimal places, 


m m+ 1 
< 


. m : , 
that is, a, = —— where m is the integer such that io" = nr< 10" 


10” 


EXAMPLE 3 The number n!, read n factorial, is defined as the product of the first n 
positive integers; 


<n!> is an important sequence. Its first few terms are 
1, 2, 6, 24, 120, 720,.... 
By convention, 0! is defined by 0! = 1. 


DEFINITION 


An infinite sequence <a,) is said to converge to areal number L if ay is infinitely 
close to L for all positive infinite hyperintegers H (Figure 9.1.2). L is called the 
limit of the sequence and is written 

L= lim a,. 


nw 
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ap, 
L ee => ect bacon, SSeS 
e 
e ag & ae 
e a5 4 
e & Lf 
a3 “ 
e rs 
ado 4 
a, Pa 
+++}. naa ana camara etait neeateeaia mate aneians 
1 2 3 4 5 6 7 # see 
x 
we 
lim a,=L 
now 


=e — ee 


CH-1 CH GCH+1 


Figure 9.1.2 


A sequence which does not converge to any real number is said to diverge. If 
dy is positive infinite for all positive infinite hyperintegers H, the sequence is 
said to diverge to %, and we write 


lim a, = &. 
nv oe 


Sequences can diverge to —<c, and also diverge without diverging to oo or 
to — 0. 

Throughout this chapter, H and K will always be used for positive infinite 
hyperintegers. One can often determine whether or not a sequence converges by 
examining the values of ay for infinite H. The definition gives us some convenient 
working rules. 


(1) Ifa, is infinitely close to L for all H, the sequence converges to L. 


(2) If we can find ay and ax which are not infinitely close to each other, the 
sequence diverges. 


(3) Ifat least one a, is infinite, the sequence diverges. 


(4) Ifall the a, are positive infinite, the sequence diverges to cc. 


EXAMPLE 1 (Continued) 
lim 1 = 1, converges, because a, = 1 for all H. 
B ( Name 8 


lim n —~2 = 0, diverges, because H — 2 is positive infinite for all H. 


A>o 
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lim (—2n) = —oo, diverges, because —2H is negative infinite for all H. 
lim (—1)"is undefined, diverges, because (—1)?” = 1 but(—1)?#*!= —1. 


. 1 1 
lim = 0, converges, because H has standard part zero. 
EXAMPLE 2 (Continued) The sequence 
3.1, 3.14, 3.141, 3.1415, 3.14159,...,4,,... 
where a, = (x to n decimal places), converges to z. That is, 


lim a, = 7. 


n>oo 


PROOF Let H be positive infinite. For some K, 


2 eae 
108 +" jor: 
K 1 
Then CH = yom AS 0S Oa Fon 


But 1/10" is infinitesimal, so ay, ~ Z. 


EXAMPLE 3 (Continued) lim n! = o. 


PROOF For any n > 1, we have 
(n — 1)! > 1, nl=ne(n—I)l>n. 


Therefore for positive infinite H, H! > H is positive infinite. 


Given a function f(x) defined for all x > 1, we can form the sequence 


FU Oe shales: 


The graph of the sequence < f(n)> is the collection of dots on the curve y = f(x) where 
the x-coordinate is a positive integer (Figure 9.1.3). 


If lim f(x) = L, then lim f(n) = L because f(H) x L for any positive 


x70 
infinite H. 
. an? +i . 4x7 +4 
EXAMPLE 4 lim mo Ee Sie im = 4, 
noo? + 3n  x20mX* + 3x 


Similarly, if lim f(x) = oo then lim f(n) = oo. 


EXAMPLE 5 lim I[n(m) = lim In(x) = o. 


no 
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bel 
L 


lim f(x) = L, 
x0 
lim f(#) = L 


Ano 


fH —1)7 SAY Spey 


Figure 9.1.3 


If lim f(x) = L, then lim f(1/n) = L. If H is positive infinite, then e = 1/H is 
x30Ff n> 
infinitesimal and 


S/H) = fle) ® L. 


EXAMPLE 6 lim c!” = lim c¥ =c° = Life > 0. 


nO XK x70* 
EXAMPLE 7 Evaluate the limits 


1 nH 
(a) lim (1 + ; where c > 0, 


nvm x 


ROO 


1 £ 
(b) lim f + ; where c > 0, 


(c) lim f + ; i 
n 


noe 


The answers are 


xo 


1\" 
(a) lim f + 3 = lim 


+2) =o. 
c 


1\¢ 
(b) lim f + | = lim (1+ x)= 1. 
x~0* 


i 


| Hn + 
(c) Him (1 42) im (1 + 4] nee 
x 


x7 
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The limit lim, ,,, (1 + 1/n)" = e is closely related to compound interest. 
Suppose a bank pays interest on one dollar at the rate of 100% per year. If the 
interest is compounded n times per year the dollar will grow to (1 + 1/n) after 
i/n years, to (1 + 1/n)* after k/n years, and thus to (1 + 1/n)" after one year. Since 
lim,.,. (1 + 1/n)" = e, one dollar will grow to e dollars if the interest is compounded 
continuously for one year, and to e’ dollars after t years. 

More generally, suppose the account initially has a dollars and the bank 
pays interest at the rate of b% per year. If the interest is compounded n times per 
year, the account will grow as follows: 


0 years a 


1 

7 years of + ae 
i ears 1+ b iy 
n> Ae f00 <A 


1 year of + 


If the interest is compounded continuously the account will grow in one year to 


rae ee 
mai 100 n} ° 


: 100 b 
We can evaluate this limit by setting x = ——n,n = —~x. 
b 100 
b 1\" 1 bx/100 ‘ 
i —+--} = lj 14+- = qe’!100, 
oe af * 100 ; nae ( - _| ae 


5/109 dollars after 


Thus the account grows to ae’/!°° dollars after one year and to ae 
t years. 
Sometimes we may wish to know how rapidly a sequence grows. If two 


sequences approach oo and their quotient also approaches oo, 


; : . a 
lim a, = ©, lim 5b, = ©, lim — = co, 


noo n7o nro n 


the sequence <a, is said to grow faster than the sequence <b,>. For each infinite H, 
both ay, and b, are infinite. But a,,/by is still infinite, so a, is infinite even compared 
to by. 


THEOREM 1 
Each of the following sequences approaches o. 


lim n! = o, 


B-F2G 


lim b” = co ifb> 1, 
lim nS = co ifc > 0, 
lim In(n) = oo 


st 
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Moreover, each sequence in the list grows faster than the next one, 


\ 
(i) lim —= x (b > 1), 


i 
n x pb? 
i : bh" 
(ii) lim 2 = (b> 1, e > 0), 
(ii) lim meh a5 te So0): 


PROOF Let H be positive infinite. We already know that Ind is positive infinite. We 
must show that each of the following are also positive infinite. 
H! be H° 
Be ue ia 


It is easier to show that their logarithms are positive infinite. We need the 
fact that, by l’Hospital’s rule for x/x, 


fest jx 
fea gy: 


xen XN Le 


so in ~ 0 for all infinite K. 


(i) 7 Let m > b. Then 
H! 
Inf ja) = IRL e+ Inn — 1) + nm Foo + In — nb 


> (H — m)|Inm ~ Alnb = Hi(lnm — |Inb) — mina. 


Since m > b.Inm > Ind, and In(H!/b*) is positive infinite. 


H 


(i) a 


H 
In 4] = H|ilnb—-—clnH = Aline _ a 
H H 


Wise aie ta : 
Since b > 1, Inb> 0. a is infinitesimal. Therefore In(b"/H*) is 


positive infinite. 


€ 


4a. tb 
LL = 4 
(ili) inf etK =InH 
HS Ink 
] —— = —_— — — —]. 
olinn| clnH — In(ln#) Kc ra 


Since c > 0, K is infinite, and (In K)/K is infinitesimal, In(H‘/In )) is 
positive infinite. 


Note: For n=1, the term n‘/(Inn) is undefined, so we should start the 
sequence with 1 = 2. 
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EXAMPLE 8 From Theorem 1, the following sequences all approach x. 


fifi Si 


In2°In3°In4’?°° "In(ny’ 


2! 22 23 2+ Qu 
jto° 310° BLO? Alorr="* 107°" 
1! 2! 31 4! nt} 


100!” 1007” 100?” 100*”"*** 1007" 


If lim a, = x, then lim I/a, = 0 because 1/ay will be infinitesimal. 


anv x acts 


COROLLARY 
(i) lim b™" =0 ifb> 1. 
(ii) lim nS =0 ife > 0. 


Like other types of limits, limits of sequences have an ¢, N condition. It will 
be used later to prove theorems on series. 


THEOREM 2 (c, VN Condition for Limits of Sequences) 
lim a, = L 
n-> co 
if and only if for every real number ¢ > 0 there is a positive integer N such that 
the numbers 
Gn, 4n41>4nN+429+++s4nN4mo-+- 
are all within ¢ of L. 


The proof is similar to that of the e,6 condition for limits of functions. The 
é, N condition says intuitively that a, gets close to L as the integer n gets large. 
A similar condition can be formulated for lim a 


nza “nn KL. 


THEOREM 3 (¢, NV Condition for Infinite Limits) 


lima, = <x 
noo 
if and only if for every real number B, there is a positive integer N such that the 
numbers 
an, 4n+1> Qn+2>-- »>4N4 ms +: 


are all greater than B. 


We conclude this section with another useful criterion for convergence. 
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CAUCHY CONVERGENCE TEST FOR SEQUENCES 


(1) 


A sequence <a, converges if and only if 


dy ® Ay for all infinite H and K. 


PROOF First suppose <a, converges, say lim, .,. a4, = L. Then for all infinite H and 


Case 1 


Case 2 


Case 3 


K, 
dy = L ®& ag. 
Now assume Equation | and let H be infinite. There are three cases to 
consider. 
a, is finite. Then for all infinite K, 
st(ay) = st(ay), 
so the sequence converges to st(ay). 


dy \S positive infinite. For each finite m, ay > a,, + 1. Among the hyper- 
integers {1,2,...,H — 1}, there must be a largest element M such that 
ay = ay + 1. But this largest M cannot be finite, and since ay, # ay, M 


cannot be infinite. Therefore Case 2 cannot arise. 


dy iS negative infinite. By a similar argument this case cannot arise. 
Therefore, only Case 1 is possible, whence <a, converges. 


PROBLEMS FOR SECTION 9.1 


In Problems 1-8, find the mth term of the sequence. 


1 


3 
5 
4 


Beds 160 2 Bs 51d, $00 

—1, 2, —3,4, —5,6,... 4 2, 5, 10, 17, 26, 37,... 

1, 14, 12, 1%,... 6 1, 3, 6, 10, 15,... 

2, 4, 16, 256,... 8 0.6, 0.61, 0.616, 0.6161,... 


Determine whether the following sequences converge, and find the limits when they exist. 


9 


11 


19 


21 


r— 2 
a, = fn 10 a, = uae 
n 
2 
a, = A i . r 12 a, = m—1)" 
ae 1 ui ! 
a, = ( ~) 14 a, = a 
Jn n 
a z 
=F 16 = 
ay (n(n? a, = V/n 
a, = In(In(n)) 18 ad, = ita +n—n 
n— 1\" 3n? —2n +4 
peg ees 20 mci ed 
ji | a | Oe a Sel 
244 39 
a, = a sf 22 Pia esta ae 


OoOod 


9.2 
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7 gn fe Bn 


23 An = Hn 30 24 a, = 2" — n? 
nl+2 
=n! — 10° as a ee ss 
25 a, =n! — 10 26 a, Ga ieei 
In(n) , 
= 28 = (ntyi" 
27 dn = 7 (n(n) a, = (n!) 
(n + 1)" 
29 as 
30 Formulate an ¢, N condition for lim,_,,, a4, = — <x. 
31 Show that if lim,.,. a4, = L and lim,.,,. b, = M then lim,._,.. (a, + b,) = b+ M. 
32 Show that if lim,..,. a4, = L then lim,_,.. ca, = cL. 
SERIES 


The sum of finitely many real numbers a,, ap,... 
a, + a, +: + a,. Sometimes we wish to form the sum of an infinite sequence of 


real numbers, 


For example, if a man walks halfway across a room of unit width, then half of the 
remaining distance, then half the remaining distance again, and so forth, the total 


a, +4, +°*'+a,+°"°. 


distance he will travel is an infinite sum 


Se ae 

2 4 8 16 2 
In n steps he will travel 1 — —, units, 

eg a, Poe 1 

2 4° 8 oa a 


Thus he will get closer and closer to the other side of the room, and we have the limit 


1 1 1 1 


iif oo pe el Se 
HO tag gt oe 

It is natural to call this limit the infinite sum, 
fae a i ears 2h 
ae ee ee 2 


We can go from this example to the general notion of an infinite sum. When 
we wish to find the sum of an infinite sequence <a,,> we call it an infinite series and 


write it in the form 


a, Fag + + a,ro. 
Given an infinite sequence <a,,>, each finite sum 


a, +°°' +4, 


,a, is again a real number 
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is defined. This sum is called the nth partial sum of the series. Thus, with each infinite 
series 
a, +a, 4+: +a,+°'°, 

there are associated two sequences, the sequence of terms, 

Gi Gos ine-ty Ggyc fs 
and the sequence of partial sums, 

AYES Cees hee where S, = dy +-++ + 4,. 

For each positive hyperreal number H, the infinite partial sum 

Sy =a, +++ + dy 


is also defined, by the Extension Principle. 

The sum of an infinite series will be a real number which is close to the nth 
partial sum for large n, and infinitely close to the infinite partial sums. Before stating 
the definition precisely, let us examine some infinite series and their partial sum 
sequences, and guess at their sums. 


Table 9.2.1 

Series Partial sums Sum 
14+ 0.1 + 0.01 + 0.001 + --- 1, 1.1, 1.01, 1.111, 13 
1-1+{f-1+1-1 1, 0, 1, 0, 1, 0, ? 
P+1il+1+14+1+-:- 1, 2,3,4,5,... L 
ge i eer a ea ace 1,5, 13. 805 ? 
3 + 0.1 + 0.04 + 0.001 + -- 3, 3.1, 3.14, 3.141, tT 

DEFINITION 


The sum of an infinite series is defined as the limit of the sequence of partial 
sums if the limit exists, 


ay 10g. Fo ba Po = dint (ay Fs +a, 


n> oo 
The series is said to converge to a real number S, diverge, or diverge to w, if 


the sequence of partial sums converges to S, diverges, or diverges to 0, respec- 
tively. 


The sum of an infinite series can often be found by looking at the infinite 
partial sums a, +-'' + ay. Corresponding to our working rules for limits of 
sequences, we have the following rules for sums of series. 


(1) If the value of every infinite partial sum is finite with standard part S, 
then the series converges to S, 


atta te aS. 


(2) If there are two infinite partial sums which are not infinitely close to 
each other, the series diverges. 


9.2 SERIES 


(3) Ifthere is an infinite partial sum whose value is infinite, then the series 
diverges. 


(4) If all infinite partial sums have positive infinite values, the series 
diverges to «0, 


Aq se ag 1 0, 


Given an infinite series, we often wish to answer two questions. Does the 
series converge? What is the sum of the series? Our next theorem gives a formula for 
the sum of an important kind of series, the geometric series. 

For each constant c, the series 


lteteegertest-:: 


is called the geometric series for c. 


THEOREM 1 


If \c| < 1, the geometric series converges and 


Lteter?tr thts 


PROOF For each n we have 


(l~ec)\(l+et+e?7 +--+ +c’) 
=(Ltete?+---+e)—(Cte?74+--+e%tc"*!) 


={— ct! 


The nth partial sum is therefore 


1 chth 
l+et+eCt++e= 
l-e¢ 
The infinite partial sum up to H is 
i Ht+i 
i Se a a : 
I~—e 
Since |c| < 1, c#** is infinitesimal, so 
a i 
l+et + 0° % 
l-—e 
EXAMPLE 17 1+ 0.1 4+ 0.01 + 0.001 +---= : a 
1-110 9° 
1 re E gis 7 1 a: 
4 8 1—(-1/2) 3 
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is the partial sum sequence of an infinite series, namely 


5, + 2 — Sy) +. G3 — S83) + °° + Sya 1 — 8.) Foo 


111 
F l ea re 
or example, rw 


is the partial sum sequence of 


1+ 1} + nae ie 2 + 
2 3 2 n+ilon 
ie 1 
or 1 = we 
2 6 n(n + 1) 


The Cauchy Convergence Test from the preceding section takes on the 
following form for series. 


CAUCHY CONVERGENCE TEST FOR SERIES 
a; +d, +°++ +a, + '** converges if and only if 
(1) for all infinite H < K,dy4, + Qy4. +-1' + ay * 0. 
DISCUSSION The sum in (1) is just the difference in partial sums, 
Any, + Ayan t0' + ay = Sx — Sy. 
A very important consequence of the Cauchy Convergence Criterion is that 


all the infinite terms of a convergent series must be infinitesimal. We state this 
consequence as a corollary, which is illustrated in Figure 9.2.1. 


All series 


Series with 


lim a,=0 
noo 


Convergent 
series 


Figure 9.2.1 


COROLLARY 


Lf the series a, + a, + +++ + a, + °*+ converges, then lim,..,. a, = 0. That is, 
ax © 0 for every infinite K. 


PROOF This is true by the Cauchy Criterion, with K = H + 1. 


Warning: The converse of this corollary is false. It is possible for a sequence 
to have lim,..., a, = 0 and yet diverge. We shall give an example later (Example 3). 

The Cauchy Convergence Criterion and its corollary can often be used to 
show that a series diverges. Table 9.2.2 sums up the various possibilities. In this 
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table it is understood that 
Oy ba, Pe bay bet 


is an infinite series and H, K are positive infinite hyperintegers with H < K. 


Table 9.2.2 Cauchy Convergence and 
Divergence Tests 


Hypothesis Conclusion 
all ayy, +--> +a, 20 Converges 
allay ~ 0 none 
some dy4, +°°: + a,x #0 Diverges 
some a, % 0 Diverges 


We shall give many other convergence tests later on in this chapter. For 
convenience there is a summary of all these tests at the end of Section 9.6. 


THEOREM 2 


(i) If \c| > 1 the geometric series 1 + ¢+c* +++: + "4 --: diverges. 


z. F : Tea 1 
(ii) The harmonic series 1 + 5 + 3 +++ +--+ +: diverges. 
n 
PROOF (i) For infinite H the term c” is not infinitesimal, so the series diverges. 
(ii) Intuitively this can be seen by writing 
Lr PEPE ta rag 27 
S1t+e4+ Ge) +E+eti tar 


=14+54+ 5434+ =0. 
Instead we can use the Cauchy Test. We see that for each n, 
Boge NG th ee ae i 
27+1 2"+2 Dees Pica ay 4 


Therefore for infinite H, 


Ht gi cl te gl 
41’ 240+ Art = 5° 


Since the above sum is not infinitesimal the series diverges. 


EXAMPLE 3 The harmonic series 
ae ee 
2 3 n 


is the example promised in our warning. It has the property that 


tees 


lim a, = lim —- = 0 


n> o n>aoh 


and yet the series diverges. 
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PROBLEMS FOR SECTION 9.2 


In Problems 1-13 find the mth partial sum, determine whether the series converges, and find the 
sum when it exists. 


13 


t+$ege--+ (rte: 
Ge Sek Nae iat Gea be 


1-2+4-84+.---4+(-2)'+--: 


1 1 1 1 2 1 1 eh E. ~ 1 
=o) TAD ght Me od nl + Dy 
(4, — a9) + (a, — a3) + +++ + (4, — 441) +++ where lim,.., a, = 0. This is called a 
telescoping series. 


1 I 1 ; ] 1 1 

io 3a. “Sy ay n+l 

in ine on ee I Seat ia 

2 3 4 ntl 
1-24+3-4+4+---+n(-1y'+-- 

I l l l 

3. ae 4S “an 

3 2n + 1 . 2n +1 1 1 
fa oe eee Hot Gee ae Gd 
fee ine ne ew Aa ol ates 

3 8 15 n?— 1 

1 i 1 i 

he 3539, rena 


In Problems 14-19, show that the series diverges. 


14 


15 


16 


17 


18 
19 


20 


21 


22 


23 


Hap a Seas PU ag 

235 re n+1 

a = 2 + 3 — 4 + oe + ars \y'"tn 

By Sed 9 2n + 1 
1 1 1 

PR Nag ee 

1 1 1 1 

7 gas Ram eS Cae 


14+ f/24 734-4 Ynt- 
Int + In24+ In3 +---+ Ina +--- 


A ball bounces along a street. On each bounce it goes $ as far as it did on the previous 
bounce. If the first bounce is one foot long, how far will the ball go before it stops 
bouncing? 


Two students are sharing a loaf of bread. Student A eats half of the loaf, then student B 
eats half of what’s left, then A eats half of what’s left, and so on. How much of the loaf 
will each student eat? 


In the Problem 21, how much will each student eat if only 4 of the remaining loaf is eaten 
at each turn? 


Three students A, B, C take turns eating a loaf of bread, taking 4 of the remaining loaf 
at each turn. How much will each student eat? 
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9.3 PROPERTIES OF INFINITE SERIES 


It is convenient to use capital sigmas, }’, for partial sums and infinite series, as we did 
for finite and infinite Riemann sums. We write 


m 
Sn = DY ay = 4, + 4g + °° + ay 
for the mth partial sum, 
H 
Sy= Yo a, = a, + a, +°+° + ay 
n=1 


for an infinite partial sum, and 


for the infinite series. Thus S is the standard part of S,, 
coe) H 
> ay | Y a 
n=1 n=1 


Sometimes we start counting from zero instead of one. For example, the 
formula for the sum of a geometric series can be written 


= 1 
De et » where |e] < 1. 
n=0 1— c 


Infinite series are similar to definite integrals. Table 9.3.1 compares and 
contrasts the two notions. 


Table 9.3.1 
Infinite series Definite integral 
oo) b 
Y a, { feaax 
n=1 a 
Finite partial sum Finite Riemann sum 


m b 
Se ea ae ae ¥ f(x) Ax = (x1) Ax +--+ + f(%,) Ax 
n=1 


a 


Infinite partial sum Infinite Riemann sum 


b 
ey ae eee ¥ f(x) dx = f(xy) dx + +--+ f(xy) dx 


© H [ b b 
oF = e(¥ a | sear - st [rosa 


Ba m b b 
2 dy = Jim iS a { f(x)dx = yim, (S00 as| 


The difference between them is that the infinite series is formed by adding 
up the terms of an infinite sequence, while the definite integral is formed by adding 
up the values of f(x) dx for x between a and b. The definite integral of a continuous 
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function always exists. But the problem of whether an improper integral converges 
is similar to the problem of whether an infinite series converges. 

Here are some basic theorems about infinite series which are like theorems 
about integrals. 


THEOREM 1 
Suppose aan a, and yy ae are convergent, 
(i) Constant Rule For any constant c, ates: ca, = cy 
(ii) Sum Rule >, (a, + 6) = Y=, ay + OL, Do 


(iii) Inequality Rule Ifa, < b, for all n then )~ b,. 


a 
n=1 a, n=l 


PROOF To illustrate we prove (ii). For any H, 
(a, + by) toe + (dg + by) = (ay + + Gy) + (by +0 + by). 


Taking standard parts we get the Sum Rule. 


EXAMPLE 1 For any constant b, and any |e] < 1, 
b+bet+ bee te tbh +e = dL t+ CFC He +N +.) 
b 


bee 


The next theorem corresponds to the Addition Property for integrals, 


i T(x)dx = ik S(xjdx + if T(x) dx. 


DEFINITION 
The series ey Gy = An+1 + Gy42 tere t+ Oyen fee 
n=mt1 
is defined as > b, = by thy t+ +b, + 0° 


n=1 
where b, = Qn4,. This series is called a tail of the original series ) 


n=1 Ay 


THEOREM 2 


a xz a . if” ify ; G . * 
A series ed a, converges if and only if its tail ee ma Gy converges for any m. 
The sum of a convergent series is equal to the mth partial sum plus the remaining 
tail, 


or 


ay tet dy to = (ay tee t Gy) + (Gnas ttt Anty Ho) 
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PROOF First assume the tail converges. For any infinite H, we have 


Oy ag = (Gye ag) + (Gag 88? Edy), 


or Da, =a oh y a,,. 


Taking standard parts, 
H m oc 
x Ya)=Va+ Va, 
n=1 n=1 n=mt+1 


Therefore the series converges and 


Y= 5 a+ s Ay: 


n=1 n=mt+1 


If we assume the series converges we can prove the tail converges in a similar 
way. 


: 1 1 1 et ply? 
EXAMPLE 2 The series re Ses a Y (= 
. n=3 


is a tail of the geometric series 


Its sum can be found in two ways. 
x fy\n wD 1\" 2 1\" 1 1 | 1 
@) (5) - 2,6) - 2, (| ray- (+5 + al ae 


30 6! ae eo ne | 1 5 1 
(b) 2 (5 ~ 5 : ~ 425°1—4° 125°4° 100° 


COROLLARY 1 


Uf 1 &, converges, then the tails)’ *_,, a, approach zero as m approaches x, 


PROOF [f H is infinite, then 


n=1 
oa oo H 
$0 ye a ae a,—- >, a, % 0. 
n=H+1 n= 


COROLLARY 2 


If a series ee 1 Gn Converges, then it remains convergent if finitely many terms 
are added, deleted, or changed. 
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PROOF If a,, is the last term changed, then the tail 


“ 


ytd 


n=m+1 


is left unchanged, so it still converges. 


Warning: Although the convergence properties of a series are not affected 
by changing finitely many terms, the value of the sum, if finite, is affected. 


EXAMPLE 3 Here is a convergent geometric series. 
i 1 1 1 | | 5 

tee! a Sf 95. 
Se ge Se ge aa 


The following series still converges by Corollary 2. Find its sum. 


| 


Bh se rect! 
We have 
| I I 17 i 1 1 
Ba ag gates tS 8 igs gob ert ea 
Ls | 
= 3-8 +o5°-= —-5+—_— 
( ) ee | 100 
= —4,99, 
PROBLEMS FOR SECTION 9.3 
Find the sum of the following series. 
1 ee poe 2 Ee euy eat ee 
PTR prt ha one gee 
3 GQ+hH+G+h)+@Gtys)t +B "+5 74+ 
x 2\" x 
4 3 (>| 5 y 5:4" 
“n=O 7 n=3 
6 bac died 
Se ge vay gee 
7 6 +64+14+6'+674---+67H=. 
2S eq Ae 
8 ae 
n=0 s" 
9 8.88888... =8+ 8-10 '4+8-10°7+.---4+8-10"4-.. 
10 2.36666... = 2.34 6:10°74+6:10°3+6-10°4+4+... 
I! 5.434343... = 5+43-100°' + 43-100°? + 43- 100734... 
12 0.286286286... 13 492.315041041041041... 
14 Prove the Constant Rule ))*_, ca, = c)% , Gy. 


15 Prove that the repeating decimal 0.142857142857142857 ... is a rational number. 
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9.4 SERIES WITH POSITIVE TERMS 


By a positive term series, we mean a series in which every term is greater than zero. 
For example, the geometric series 


T+teter+---+e"+--- 


is a positive term series if c > 0 but not if c < 0. We call a sequence S,,S,,...,5,,... 
increasing if S,, < S, whenever m < n. It is easy to see that 


Q4,+a,+:-:-+a,+-:- 
is a positive term series if and only if its partial sum sequence is increasing. We are 
going to give several tests for the convergence of a positive term series. The starting 
point is the following theorem. 
THEOREM 1 
An increasing sequence <S,,> either converges or diverges to «. 
Geometrically, this says that, as n gets large, the graph of the sequence either 


levels out at a limit L or the value of S, gets large (Figure 9.4.1). We omit the proof. 
(The proof is given in the Epilogue at the end of the book.) 


Sn 


Figure 9.4.1 


Theorem 1 has an equivalent form for positive term series because the partial 
sum sequence of a positive term series is increasing. 


THEOREM 1 (Second Form) 


A positive term series either converges or diverges to oo. 


EXAMPLE 1. The harmonic series diverges to 00, 
fee oh este dees as 
2° 3 4 n ra, eo 


This is because it is a positive term series and we have shown that it diverges. 
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EXAMPLE 2 If0 < a the geometric series 
Ltatat+-- tats: 


is a positive term series. It converges when a < 1 and diverges to « when 
al, 


Remark Theorem | shows that to determine whether a positive term series converges, 
we need only look at one infinite partial sum. If it ts finite the series converges 
and if it is infinite the series diverges to <c. 


COMPARISON TEST 


Let c be a positive constant. Suppose )°*., 4, and 


1 Dy are positive term 
series and a, < cb, for all n. 


(i) If )}@., b, converges then ae _ converges. 


(ii) If )-%, a, diverges then 1, diverges. 


n= O 
PROOF (i) Suppose >'~ , b, conveeS to S. The Constant Rule gives cS = )°*_, cb 
Each finite partial sum of >", a, is less than cS, 


m m 


ee Ob OS 


n=1 n=} 


Therefore, an infinite partial sum )¥_, a, is less than cS and hence finite. 
It follows that )\% , a, converges. 


(ii) If }\%, a, diverges then )“ , b, cannot converge by part (i). 


To use the Comparison Test we compare a series whose convergence or 
divergence is unknown with one which is known. 


EXAMPLE 3 Test the series ))* , 6"/(7" — 5") for convergence. Intuitively, the 7” 


should overcome the o's! so we shall compare with 6"/7". The simplest 
approach is to factor out 7”. We have 


6” _ 6" 2 6" - 7 6 n 
— 5" FL — (5/7)") 72/7) —«2:\7 


The geometric series )|”_, (6/7)" is convergent, so the given series converges. 


EXAMPLE 4 Test for convergence: ))*_, n?/(n? + 1). We have n? + 1 < 2n*, so 


n? a ae 
m+i1o 2 2a 


The harmonic series }°*_ , 1/n diverges, whence the given series diverges. 


Sometimes the following comparison test is easier to use. 
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LIMIT COMPARISON TEST 


Let Y%, a, and )\*_, b, be positive term series and c a positive real number. 
Suppose that 

ay <cbg for allinfinite K. 
Then: 
(i) If Y2, b, converges then )'°_, a, converges. 
(ii) If 5.2. , a, diverges then )°°. , b, diverges. 

PROOF Assume )~., 6, converges. Let H and K be infinite. By the Cauchy Con- 

vergence Test (Section 9.2), 

bet Dace POR Ep 
Hence OS dy4, t+: + ag S chyyy + +++ + cby 

= C(by4, +++: + by) & 0. 

It follows that Qy+1 te:- +a, %0 


and )'”_, a, converges. 


1 ‘ ai 
EXAMPLE 5 Test ) > (nny where p is a positive constant. 


We compare this series with the divergent series 


o 
n=2 n 


Let H be positive infinite. Then by Theorem | in Section 9.1, 
In < H"??, 


(inH)? < H, 
1 1 


(ini? ~ AY 


By the Limit Comparison Test, the given series )\~ , 1/(Inn)? diverges. 


For our last test we need another theorem which is similar to Theorem 1. 


THEOREM 2 
If the function F(x) increases for x = 1, then lim,.,,, F(x) either exists or is 


infinite. 


This says that the curve y = F(x) is either asymptotic to some horizontal line 
y = L or increases indefinitely, as illustrated in Figure 9.4.2. 
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F(x) 
; 


Figure 9.4.2 


INTEGRAL TEST 


Suppose f is a continuous decreasing function and f(x) > 0 for all x = I. 
Then the improper integral 


i ; I(x) dx 
1 
and the infinite series 

> sto 
either both converge or both diverge to 00. 


Discussion Figure 9.4.3 suggests that 


y, fo) < fo flsyde < ¥ fo 
n=2 i n=1 

so the series and the integral should both converge or both diverge to oo. 
The Integral Test shows that the integral es J (x) dx and the series Dae ‘(n) 
have the same convergence properties. However, their values, when finite, 
are different. In fact, we can see from Figure 9.4.3(c) that the integral is less 


than the series sum, 
oO we 
| seaax < ¥ son, 
1 n=1 
PROOF As we can see from Figure 9.4.3, for each m we have 


Y fay s f f(x)dx < > fle). 
1 n=1 


n=2 


The improper integral is defined by 
i f(x)dx = lim f(x) dx. 
1 urns 1 
Since f(x) is always positive, the function F(u) = f{ f(x) dx is increasing, so 


by Theorem 2, the limit either exists or is infinite. Hence the improper 
integral either converges or diverges to x. 
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f() 


(a) (b) 
Figure 9.4.3 The Integral Test 


Case 1 ie f(x) dx = S converges. For infinite H we have 


H 


H 
fn) < { f(x)dx = S: 
2 1 


thus the infinite partial sum is finite. Hence the tail ey J (n) and the series 
v1 S() converge. 
Case 2 |* f(x) dx diverges to oo. Since [# f(x) dx < ) 47 f(n), the infinite partial 


n=1 


sum has infinite value, whence the series )°*_ , f(n) diverges to 00. 


The series }'* , 1/n, where p is constant, is called the p series. 


COROLLARY 


The p series ye. , 1/n? converges if p > 1 and diverges if p < 1. 


PROOF 
Case? p=1. The pseries is just )}® , 1/n = o. 
Case 2. p > 1. The improper integral converges, 


wo 1 ue 
<p dx = lim xP dx 
Hae: 


uO Ji 


ui-P — 1 


Therefore the p series converges. 

Case3 p<. The improper integral diverges to 1%, J? (1/x?’)dx = lim, 
fy x7? dx = lim,.. (u'7? — I — p) = ©. 
Therefore the p series diverges to 00. 


kos) oC 
EXAMPLE 6 The p:p series 2 Vimaal » 74/3 
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converges because 4/3 > 1. The p series)”, 1//n diverges to x because 
i2<1. 
The p series is often used in the Comparison Tests. 


EXAMPLE 7 Test the series dL "an 


for convergence. 
If H is positive infinite then by Theorem | in Section 9.1, 


In < HA‘, 


InH = H° 1 


H2 < Ho ye for real c > 0. 


Now take c so that 0 < c < 1. Then 2 — c > 1 so the p series 2 {jn?7° 


converges. By the Limit Comparison Test, the given series )”_, (In n)/n 


converges. 


2 


EXAMPLE 8 Use the Integral Test to test the improper integral [ie (In x)/x*) dx for 
convergence. 


By Example 7 the series ))”_ , (Inn)/n* converges. For x > | the function 
f(x) = (In x)/x? is continuous, positive, and has derivative 


f(x) = x73(1 — 2 Inx). 


Thus for x >, J'(x) < 0 and f(x) is decreasing. Therefore the Integral 
Test applies and the improper integral converges. 


PROBLEMS FOR SECTION 9.4 


Test the following series for convergence. 


1 aay 2 aa 
2 n+4 Py 4n — 3 
~ n+l =~ on 
3 : 4 
2. n n=0 n? + 2 
x { x | 
5 -— 6 = 
2 (un + 1)(n + 2) 2 / n(n + 1) 
4 pam ee 8 7 
iSsn(n + 1)(n — 2) io (n + 1)(n? + 1) 
: . 4 
9 —_——— 10 
2, (n + I)(n + 2) n=1 n/n 
ii > Hates 2 y varia ye 
n= n=1 
= 3n2 +1 . I 
13 so 14 »; 
Py 2n* — | a=0./n> +4 
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15 


7 


19 


21 


23 


25 


27 


29 


31 


33 


Use the Integral Test to determine whether the following i 


34 


36 


38 


40 


41 
42 


2 n 
ee 16 

» w +1 

> yo 18 
2, 

OD ein2 

y al Ht 20 
n=1 ft 


8 
<e 
nr 
rN 


n=1 
eae 
2, n} ra 
wD ie 4 6" 
26 
2 247" 
= Inn 
peels 28 
> n 
— 30 
na ninn 
6 1 
32 
Xo mtlnny 
cca | 
nz, In{n!) 


(ie i 
2 Inx 

i uae 37 
2 x+Inx 


{ Inx dx 39 


oa 


{ xe dx 
i 


9.6 ALTERNATING SERIES 


Mea 
No 

=a 

| 


3 
" 
” 


= 
Ms 


8 tl 


Ke QA 
| 


= 
= 


gs u—M@© 


wal 
= 


= 
ul 
° 
vs) 
= 
= + 
ae 


= 


8 Ms 

= NN 
+ 
= 


= 
= 


EI 
I 
= 
= 
= 


= 1 


2 In(n? + 1) 


an (5 — arctans| 


n=0 


mproper integrals converge or diverge. 


C dx 

2 x? + Inx 

a x+] 
= dx 

(sti ‘ 


wo 
— x2 
[emas 
0 


: : es - 
Prove that if each a, is positive and p Nice a, converges, then ner a, converges. 


Using Theorem | (page 539), prove that a negative term series either converges or 


diverges to — x. 


ALTERNATING SERIES 


An alternating series is a series in which the odd numbered terms are positive and the 
even numbered terms are negative, or vice versa. An example is the geometric series 


Given any positive term series 


YD a, = a, +a. +43 + ag tee, 


n=1 
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the series (—1)"*1 a, = a, — a, +3 — ag te" 


Ms iM 


and (= 1)" a). = ay Fay ag Fy 8 


are alternating series. Here is a test for convergence of alternating series. 


ALTERNATING SERIES TEST 


Assume that 
(i) \%,(-1)"*" a, is an alternating series. 
(ii) The terms a, are decreasing, a, > dy >-+'° > a, >. 
(iii) The terms approach zero, lim,,.,. 4, = 0. 


n+1 


Then the series converges to a sum ye ,(-D"** a, = S. Moreover, the sum S 


is between any two consecutive partial sums, 
Sa, < S < Sy,44- 

Discussion We see from the graph in Figure 9.5.1 that the partial sums S, alternately 
increase and decrease, but the change is less each time. The value of S, 
“vibrates” back and forth and the vibration damps down around the limit S. 

PROOF The sequence of even partial sums is increasing. 

8, .< Sy <-++< Sg, <0, 
because S$, = S; + (a3 — a4), S¢ = S4 + (ds — a), ete. 
The sequence of odd partial sums is decreasing, 
S,>83,>S5>°::, 


for S; = S, — (a) — a3), S; = S3 — (a4 — as), ete. 


Sn S 
S ——— 
i 
n 
Figure 9.5.1 
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It follows that each even partial sum is less than S, , 
S, > S, — a, = $8), S, > 83 — a4 = Sq, S,; >S85; —ag =S¢, ete. 


Theorem 1 (Section 9.4) shows that the increasing sequence of even partial 
sums converges, 


lim S,, = S. 


n +o 
Given any infinite H, a,,,, ~ Oand S,, ~ S,so 
Son+1 = Sow + Gopi © S. 
Therefore the sequence of all partial sums converges to S, and 


¥ (=) 4, = lim S$, Ss. 


n=1 n>o@ 


Finally, since the even partial sums are increasing and the odd partial sums 
are decreasing, we have the estimate 


Son <S < San41- 


Figure 9.5.2 shows a graph of the partial sums. 


Figure 9.5.2 
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EXAMPLE 1. The alternating harmonic series 


. : 1. : 
converges by the Alternating Series Test, because — is detreasing and 
n 


approaches zero as n > <x. The partial sums are 


1 2.8. Be Se 
> 226° 12> 60° 60°°"" 


: 60 30 50 35 47 37 
or 60> 60> 60» 602 60> 609'"°*° 


The sum S is between any two consecutive partial sums, for example 


37 47 
a0 <S <& 


EXAMPLE 2. The alternating series 


3 4 5 6 n+1 
2 = ox oe fa eee 
7 aes aie ee a a anes 


diverges. The terms (n + 1)/n are decreasing, but their limit is one instead of 
zero, 


nox n 


The Cauchy Test for Divergence in Section 9.2 shows that if the terms a, do 
not converge to zero the series diverges. 


We have now built up quite a long list of convergence tests. The next section 


contains one more important test, the Ratio Test. At the end of that section is a 
summary of all the convergence tests with hints on when to use them. 


PROBLEMS FOR SECTION 9.5 


Test the following alternating series for convergence. 


1 


11 


L x —yyert 
> (-) yJn 2- ( ay 
n=1 n=l Jn 
. ~|{ ntl u . nH Ln 
Zl y 10n + 5 : eee 0 n+l 
y (-1)'n? 6 by (-1)'nte 
n=l = 
us hiss ae ee 1)" 
yes 

2! NN : ° x! Inn 
x = ati x 
»: nf Ty 10 > (—1)" 
nz, ‘Inn 

—1y'*'n! —— 


L ( | L£ 
a es 12 
>> 2 ees 


9.6 


9.6 ABSOLUTE AND CONDITIONAL CONVERGENCE 


13 y, CH 14 > tea) 
a=3 In(Inn) n=2 wn 
15 pea 16 si"? f ' 
n=1 Ft n=1 n 
o P = 20 wad 
17 Y (-)'G/n + 1 - /n) 18 Y (-I' 3 5 
n=1 n=0 
. n a + 1 = n+1 v 
19 2d) yrs 5 20 >» (-1) 1+ . 
21 Approximate the series)? , (—1)"*'n7? to two decimal places. 
22 Approximate the series 1 — 4 + 785 — zebo + --: to four decimal places. 
23 Approximate en (—1)"/n! to two decimal places. 
24 Approximate bed ,(—n)"" to three decimal places. 


ABSOLUTE AND CONDITIONAL CONVERGENCE 


Consider a series )\”_, a, which has both positive and negative terms. We may form 

a new series )°~ , |a,| whose terms are the absolute values of the terms of the given 

series. If all the terms a, are nonzero, then |a,| > 0so bee Ja,| 1s a positive term series. 

If )}”_, a, is already a positive term series, then |a,| = a, and the series is 
identical to its absolute value series °°, |a,|. 

Sometimes it is simpler to study the convergence of the absolute value series 

®_, a,| than of the given series )'” , a,. This is because we have at our disposal all 


n= 1 


the convergence tests for positive term series from the preceding sections. 


DEFINITION 


A series )°°_, a, is said to be absolutely convergent if its absolute value series 
n=1 \@nl is convergent. A series which is convergent but not absolutely con- 


vergent is called conditionally convergent. 


THEOREM 1 


Every absolutely convergent series is convergent. That is, if the absolute value 
“7 ee] 7 ao 7 
series Pee , |@,| converges, then Dae a, converges. 


Discussion This theorem shows that if a positive term series }'° , b, is convergent, 
then it remains convergent if we make some or all of the terms b, negative, 
because the new series will still be absolutely convergent. 


Given an arbitrary series pa 1 %, the theorem shows that exactly one of the 
following three things can happen: 
The series is absolutely convergent. 


The series is eonditionally convergent. 
The series is divergent. 
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PROOF OF THEOREM 7 We use the Sum Rule. Assume bree |a,| converges and 
let 


b, =a, + la, 


Hn 


Then a, = 6, — |a,| and 


» af 2A if a, > 0, 
"10 ifa, <0. 


(See Figure 9.6.1). Both ), |a,| and >, b, have nonnegative terms. 
Moreover, bean la,| converges and b, < 2Ja,|. By the Comparison Test, 


>. , b, converges. Then using the Sum and Constant Rules, 


> ay, = 3 b, _ > al 


n=l n=1 n=1 


converges. 


Figure 9.6.1 


EXAMPLE 1_ The alternating series 
1 1 1 1 
te ee 


is absolutely convergent, because its absolute value series 


is convergent. 


EXAMPLE 2 The alternating harmonic series 
i-$4+4-d44-- 
is conditionally convergent. It converges by the Alternating Series Test. But 
its absolute value series 


diverges. 


Given a series 


4, $4, + 43 +g +++ + GO te'', 


9.6 ABSOLUTE AND CONDITIONAL CONVERGENCE 


one can form a new series by listing the terms in a different order, for example 
4, +4,;+4,+4,+ 444+ °-°-. 


Such a series is called a rearrangement of °°, a,. The difference between absolute 
convergence and conditional convergence is shown emphatically by the following 
pair of theorems. 


THEOREM 2 


A. Every rearrangement of an absolutely convergent series is also convergent 
and has the same sum. 


B. Let )\”_, a, be a conditionally convergent series. 
(i) The series has a rearrangement which diverges to oo. 
(ii) The series has another rearrangement which diverges to — oo. 


(iii) For each real number r, the series has a rearrangement which con- 
verges tor. ; 


We shall not prove these theorems. Instead we give a pair of rearrangements 
of the conditionally convergent series 


te oe eet a 

one diverging to oo and the other converging to —1. 
The alternating series 

ee hs es aaa 


conditionally converges to a number between 3 and 1. 
To get a rearrangement which diverges to 00, we write down terms in the 
following order: 


ist positive term, ist negative term, 
next 2 positive terms, 2nd negative term, 


next 4 positive terms, 3rd negative term, 
next 2” positive terms, mth negative term, 


We thus obtain the series 


1-$444+4$-4449+5+0+i-ete 


Each block of 2” positive terms adds up to at least 4, 


Nees 
ben so eae 
fed4gqt+we4xe ra 
iste +i5 28x oy =a. 


However, all the negative terms except —4 and —4 have absolute value <%. Hence 
after the mth negative term the partial sum is more than 
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Therefore the partial sums, and hence the series, diverge to x. 

To get a rearrangement which converges conditionally to — 1 we proceed as 
follows: 

Write down negative terms until the partial sum is below — 1, then positive 
terms until the partial sum is above —1, then negative terms until the partial sum is 
below —1, and so on. 

The mth time the partial sum goes above — I, it must be between —1 and 
—1 + (1/m). The nith time it goes below — 1 it must be between —1 and — 1 — (1/m). 
Therefore the series converges to — 1. 

The comparison tests for positive term series give us tests for absolute con- 
vergence. 


COMPARISON TEST 


x 


If \a,| < clb,| and Y%_, b, is absolutely convergent then )*_, a, is absolutely 


convergent. 


LIMIT COMPARISON TEST 


Let c be a positive real number. If 
ldx| < clbx| for all infinite K 


and ae b, is absolutely convergent then > 


v. 


21 Gy is absolutely convergent. 


The above tests do not help to distinguish between conditional convergence 
and divergence. Theorem 2 in Section 9.2 is often useful as a test for divergence. 

There is another test which can be used either to show that a series is abso- 
lutely convergent or that a series is divergent. 


RATIO TEST 


Suppose the limit of the ratio |a,, ,|/la,| exists or is x, 


lim la, +11 = 
ar x la,| 


(i) If L <1, the series oe a, converges absolutely. 
(ii) If L> lor L= x, the series diverges. 
(ili) If L= 1, the test gives no information and the series may converge 
absolutely. converge conditionally, or diverge. 


PROOF (i) Choose b with L < b < 1. By the ¢, N condition, there is an N such that 
all the ratios 


lanaal lay al l@neneal 


lanl Taye? lay sal “ 


are less than b, Therefore with c = |ay|, 
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lanai] < cb, lay 42] < cb?,...,ldya,| <cb",.... 


The geometric series )\*_, b” converges, so by the Comparison Test, the 
tail }'*_y la, converges. Therefore the absolute value series )%_, |a 
converges. 


al 


(ii) By the ¢, N condition there is an N such that the ratios 


lan ail l@y+n+1l 
ab ecats sat 
lay| lay+n 


are all greater than one. Therefore 
lanl < lanat] < +++ <ldyanl <---- 
It follows that the terms a, do not converge to zero, so the series )7_; 4 


diverges. 


The Ratio Test is useful even for positive term series, and is often effective for 
series involving n! and a”. 


; 1 
EXAMPLE 3 Test the series )-, —. 
n! 
! 
lim In + It _ ' 1 ~0, 
n> 1/n! nooh + 1 


so by the Ratio Test the series converges. 


EXAMPLE 4 Test . ee 
n=1 n. 
ae 1)! 1)\? 1\" 
fig i OE aie Se 
n> n/n noo n noo n 


e is greater than one, so by the Ratio Test the series diverges. 


EXAMPLE 5. The Ratio Test does not apply to either of the series 


ae | a) | 
Py n ou n” 

2 
pee cs aig Ee 


-L. 
n>w I/n n> 0 1/n? 


since 


SUMMARY OF SERIES CONVERGENCE TESTS 


A. Particular Series 
(1) Geometric Series 


~ 9c" converges to ae if |c| < 1, 


diverges if |c| = 1. 
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(2) Harmonic Series 


1 
may diverges. 


(3) p Series 


1 
n= >p > converges if p > 1, 
dere ifp <1. 


B. Tests for Positive and Alternating Series 
In the tests below, assume a, = 0 for all n. 
(1) Convergence versus Divergence to «© 
Let H be infinite. 


a, converges if )¥_, a, is finite, 


nat n= 1 


diverges to oo if )'# 


“= 1 4, 18 infinite. 


(2) Comparison Test 
Suppose a, S cb, for all n. 
If }\* , 5, converges then )°*_, a, converges. 
If) , a, diverges then )'” 


n=l 


b, diverges. 
Hint: Often a series can be compared with one of the particular series 
above: a geometric, harmonic, or p series. 
(3) Limit Comparison Test 
Suppose ay < cbg for all infinite K. 
If)” , b, converges then aes a, converges. 


If )°* , a, diverges then b, diverges. 


m=1 
Hint: Try this test if the Comparison Test almost works. 
(4) Integral Test 
Suppose f is continuous, decreasing, and positive for x = 1. 
If S x) dx converges, then }°~ 
If | f(x) dx diverges, then )°% 
Hint: a test may be useful if a, comes from a continuous function f(x). 
(5) ee Series Test 
(—1)"a, converges if the a, are decreasing and approach 0. 


,-, / (n) converges. 


J (n) diverges. 


n=1 


n=l 
Hint : This is usually the simplest test if you see a (— 1)" in the expression. 


C. Tests for General Series 
(1) Definition of Convergence 
* 4, converges if and only if the partial sum series }*_, a, = S, 
converges. 
(2) see Convergence Test 


* , a, converges if for all infinite H and K > H, 


Gy+t +--+ + dy = 0, 


9.6 ABSOLUTE AND CONDITIONAL CONVERGENCE 


diverges if for some infinite H and K > H, 
A+, t+ + ax % 0, 

diverges if lim,..,, a, # 0. 

Hint: This test is useful for showing a series diverges. 
(3) Constant and Sum Rules 

Sums and constant multiples of convergent series converge. 
(4) Tail Rule 

© | a, converges if and only if ))@_ a, converges. 

(5) Absolute Convergence 

If )°°_, |a,| converges then °°. , a, converges. 

Hint: Remember that }°>_, {a,| is a positive term series. Thus tests in 

group B may be applicd to }°”, |a,|. 
(6) Ratio Test 


Suppose lim Init 
n> 00 {a,,l 


4 In COnVErges absolutely if L < 1, 


diverges if L > 1. 


Hint: This is useful if a, involves a factorial. Watch for (" ag | in the 


ratio because lim [" Bu | = lim i + ;| = @. 


n> n 


If the limit L is one, try another test because the Ratio Test gives no 
information. 


PROBLEMS FOR SECTION 9.6 


Problems 1-20: For each of the first 20 problems in Section 9.5, determine whether the alternating 


series is absolutely convergent, conditionally convergent, or divergent. 


Problems 21-44: Apply the Ratio Test to the given series. Possible answers are “convergent,” 


“divergent,” or ‘““Ratio Test gives no information.” 


21 


23 


25 


27 


29 


oC Lz ] 
Bs an §h 
n=1 n=i 2 

ie) 1 oe) 

— 24 n? 

2 Jn es 

oc on tg 1 
oe 26 Le 
n=1/"s n=1 

is] 5? zx 5" 
2 a+ ae A eo" — 5" 
x nt oc n" 
rr 30 Lem 
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x n 2 Fe el 

35 > S ; 36 = ay 

a Se oo 

9 Soe eo a je 

a ee a fee! 
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POWER SERIES 


So far we have studied series of constants, 


x 


Gy, = 4g + ay Feet + ay, bee. 
=0 


n> 
One can also form a series of functions 


Ea 


3 TAX) = folx) + Si(x) SHE SX) ae 


n=0 


Such a series will converge for some values of x and diverge for others. The sum of the 
series is a new function 


f(x) = y f(X) 
n=0 


which is defined at each point xp where the series converges. We shall concentrate on 
a particular kind of series of functions called a power series. Its importance will be 
evident in the next section where we show that many familiar functions are sums of 
power series. 


DEFINITION 


A power series in x is a series of functions of the form 


= 
DY ayX" = dg + A,X + GgxX? +e + aX” Hee, 
n=0 


The nth finite partial sum of a power series is just a polynomial of degree n, 


n 
>, a,x* = dg + ayx +--+ + a,x". 
k=0 
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The infinite partial sums are polynomials of infinite degree, 
H 

a,x” = dg + yx +--+ + ayx", 

n=0 

At x = 0 every power series converges absolutely, 


S. a,x" = do + a,0 + a,0? +++ = ay. 
n=0 


(In a power series we use the convention a)x° = ay.) If a power series converges 
absolutely at x = u, it also converges absolutely at x = —u, because the absolute 


wo 


value series ¥°* , |a,u"| and }°”_, |a,(—1)"| are the same. 
Intuitively, the smaller the absolute value |x|, the more likely the power series 
is to converge at x. This intuition is borne out in the following theorem. 


THEOREM 1 


(i) If a power series 


wo 
Y. a,x" = dy tax tee tax" +--- 
n=0 


converges when x = u, then it converges absolutely whenever |x| < |ul. 
(ii) If a power series diverges when x = 0, then it diverges whenever |x| > |v]. 
PROOF (i) Suppose the series }°?_, a,u” converges. Then for any positive infinite H, 


ayu” is infinitesimal. Let |v| < [u{. The ratio b = |v|/uj is then less than 
one. It follows that: 


(1) The positive term geometric series Saas b” converges, 


Now by the Limit Comparison Test, ) @, a,v"” converges absolutely. 
p m=O Nn 8 


(2) layv"| = = |ayul|b® < b#. 


Slee 


(ii) This follows trivially from (i). Let }°° 9 a,v" diverge and |u| > |v}. 
n-o 4,4 cannot converge because if it did }'* ,a,v" would converge 
absolutely. Therefore )\”_, a,u” diverges. 


Theorem | shows that if a power series converges at x = u and at x = », then 
it converges absolutely at every point strictly between u and v. We conclude that the 
set of points where the power series converges is an interval, called the interval of 
convergence. (A rigorous proof that the set is an interval is given in the Epilogue.) 
The next corollary summarizes what we know about the interval of convergence. 


COROLLARY 
For each power series )°”_, a,x", one of the following happens. 


(i) The series converges absolutely at x = 0 and diverges everywhere else. 


(ii) The series converges absolutely on the whole real line (— «, «). 
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(ili) The series converges absolutely at every point in an open interval 
(—r,r) and diverges at every point outside the closed interval [—F¥, r]. 
At the endpoints —r and ¥ the series may converge or diverge, so the 
interval of convergence is one of the sets 


(-rr) [-nn. (-rr), [-rr). 


Figure 9.7.1 illustrates part (11) of the Corollary. The number r is called the 
radius of convergence of the power series. In case (i) the radius of convergence is zero, 
and in case (ii) it is 00. Once the radius of convergence is determined, we need only 


test the series at x = r and x = —*r to find the interval of convergence. 
-} 0 r 
Ss IN — i aeapens 
diverges converges diverges 
absolutely 
Figure 9.7.1 


EXAMPLE 1_ Find the interval of convergence of the power series 


ww 


ys Dee where b > 0. 


n=0 
This is just the geometric series 
1 + bx + (bx)? + +++ + (bx) $e, 


It converges absolutely when |bx| < 1, |x| < 1/b, and diverges when |bx| > 1, 


|x| > 1/b. So the radius of convergence is r = 1/b. At x =r and at x = —r 
the series diverges, because br" = 1. Thus the interval of convergence is 
(—1/b, 1/b). 


The Ratio Test can often be used to find the radius of convergence of a power 
series. 


EXAMPLE 2 Find the interval of convergence of 


oy rr es Paien 
—-=x —— — ary — wae 
aa ll 2 3 n 
We compute the limit 
ix" in + 1 : n 
lim eile Ua = |x| lim —— = [x|. 
n> © |x"/n| noch + | 


By the Ratio Test the series converges for |x| < 1 and diverges for |x| > 1, so 
the radius of convergence is r = |. 


At x = I the series is 


1 1 
l+o4+ 54-4 


as ]e 


9.7 POWER SERIES 531 


which is divergent. At x = —1 the series is 


ae eee (—1)" 
Ana deg tie ates 


which converges by the Alternating Series Test. The interval of convergence 
is [—1, 1). 


EXAMPLE 3 Find the interval of convergence of 


fea) n x2 x3 x 
MD amHl+xt+ e+ 54-440. 
nao h! 2 6 n! 


For all x we have 
n+1 1 


no |x"/n}| n>ao 


= 0. 


Therefore by the Ratio Test the series converges for all x. It has radius of 
convergence oo, and interval of convergence (— 00, 00). 


EXAMPLE 4 Find the radius of convergence of 


co 
Y nlx" = 14x + 2x? + 6xP +--, 
n=0 


1 ! nt+1 
For x + 0, rca LAS eat teeny Pe 
n> |n! x" n> oo 
By the Ratio Test the series diverges for x # 0 and the radius of convergence 
isr = 0. 


If we replace x by x — c we obtain a power series in x — c, 


YY a(x — co)" = dg + a(x ~— c) +. a,(x — 0)? +--. 
n=0 


The power series }'°_, a,(x — c)" has the same radius of convergence as )°°., a,x", 
and the interval of convergence is simply moved over so that its center is c instead of 0. 
For example, if )'° 5 a,x" has interval of convergence (—r, r], then 


co 


y, a,x — c) 


n=0 


has interval of convergence (c — r,c + Fr], illustrated in Figure 9.7.2. 


—r 0 r e-r c e+r 
converges absolutely converges absolutely 
ic) co 
pa ec y alx—cy" 
n=0 n=0 


Figure 9.7.2 
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EXAMPLE 5 Find the interval of convergence of 


EE ee hee ope: 21 ae 
» ani + Sy" = 1 + 5 (x + 5) +a & + 5)? +e, 
We have 
li (a + I'(a + L(x + 5)"*1/(2n 4+ 2)! 
n> x (nl(n!)(x + 5)"/(2n)! 


(n + 1)?(x + 5) 
(2n + 1)(2n + 2) 


Ix + 5| 
Se 


avtx 


By the Ratio Test the series converges for |x + 5| <4 and diverges for 
Ix + 5| > 4. The radius of convergence is r = 4, and the interval of con- 
vergence is centered at —5. We note that 


(he dt 22 Hn mo fd tym fay" 
(2k)! 1 2 3 4 (Qn ~1) 2n7 \2 2] — {4} 
Therefore at |x + 5] = 4, 
(nt)? ; F Aes = 
leone eG) eat 


Thus atx + 5 = 4and x + 5 = —4 the terms do not approach zero and the 
series diverges. The interval of convergence is (—9, — 1). 


PROBLEMS FOR SECTION 9.7 


In Problems 1-25, find the radius of convergence. 


ba 
1 5x" 2 TT 
n=0 n=0 3 
3 3 nx” 4 > hy x! 
n=1 n=1 
nt x yh i 
: n=1 n F : Ps n} : 
ne" em (3)! 
xi 8 n 
: i, (2n)! py (n!)> 
9 5 (1 —4| x 10 y 144) 
n=1 n n=1 nj * 
be) x" a x" 
1 1 ete 
ee Inn - 2 (Inn)" 
£ nx” a x" 
13 — 14 ate SEES 
n=2 (Inn)" a=3 (In(In n))" 
Sled e Teese (3n + 1) EZ n! 
15 x" 16 Se cee es PELs eee ee ae ee 
2, nl . 2 fies cn) 
& x? x x? 
17 5 a 
py 3 , " n=0 Sv" 
. x" = af 
19 - 20 => 
oa smh Le 
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In Problems 26-45, find the interval of convergence. 


— Hix” 
21 
n=1 Jn 
eo xo" 
23 » 5 
25 . ac 
n=1 ni 
2) x" 
26 x r 
28 Bex" 
n=O 
3) x" 
30 
2, 6./n 
wo (- 1)"x" 
32 Py Fa 
34 y (x + 2) 
n= LN n 
36 ¥ ni(x — 3) 
n=0 
38 : (x al 8) 
n=0 2 
40 YB" + 4") x" 
n=0 
42 ya 
n=0 
faa) e(x iis 4)?" 
“a ys 


= 
= 
~ 


22 


24 


27 


29 


31 


33 


35 


37 


39 


4) 


43 


45 


2 (~ 1)"x" 
a=0 n!} 


(—1)"(x + 2)" 


2 iat 

ou (x = 5)" 
» nt 
Eta 
n=] 

ao 4” 4 
era 
fe] x2? 

= nes" 

es) x2" 

2, ni 


DERIVATIVES AND INTEGRALS OF POWER SERIES 


In the last section we concentrated on the problem of finding the interval of conver- 
gence of a power series. We shall now find the sums of some important power series. 
Our general plan will be as follows. 


First, find the sums of two basic power series: 


1 


——— = LE Xt x7 Herr $x Mtees 


1-—x 


Then, starting with these basic power series, find the sums of other power 


2 


x 
e=1l+x+>-+-- 


2! 


n 


a eee ne 
n! 


series by differentiation and integration. (Based on Theorem 1.) 


An especially useful property of power series is that they can be differentiated 
and integrated like polynomials. If we have a power series for a function f(x), we can 
use Theorem 1| to immediately write down the power series for the derivative f’(x) and 


integral (% f(t) dt. 
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THEOREM 1 


Suppose {(x) is the sum of a power series 
ee 
S09) = Y ayx" 
n=0 


with radius of convergence r > 0, and let —r <x <#. Then: 


(i) f has the derivative 


f(x) = y na,x"—} 
n=1 
(ii) f has the integral 


nL 


{ “f(jat = Yo exe, 
10) n 


“pnt 
(iii) The power series in (i) and (it) both have radius of convergence r. 
Discussion This theorem says that a power series can be differentiated and inte- 


grated term by term. Also, the radius of convergence remains the same. To 
differentiate or integrate each term of a power series we simply use the 


Power Rule. 
nth term of f(x) = a,x" 
nd,x"~} n#0 
derivative -| ‘ 
| 0 n=0 
; a 
integral = —““—x"*! 
8 n+l 


We postpone the proof of Theorem | until later. 


EXAMPLE 1 Differentiate and integrate the power series )’% ) nx", and find the 


radil of convergence. 
By the Ratio Test this power series has radius of convergence r = 1, for 


i ln + 1)? x"* 4 Lx| Li (n + 1)? ix 
im —————— = |x| lim —,— = |x. 
nox \n?x"| n> OM 
d az x x 
Derivative : ral ¥ nx = ¥ wx t= FY (m+ 1Px” 
dx n=0 n=1 m=0 


x aaa x (m — 1) 


Integral: i | 3 we i=) RO ee D: Bee 
O \n=0 


n=0 n+ 1 m=1 m 
For convenience we rewrote the derivative as a power series in x” where 


m =n — 1, and the integral as a power series in x” where m = » + 1. Both 
the derivative and integral also have radius of convergence r = 1. 


We are now ready to prove the power series formulas for 1/(1 — x) and e”. 


9.8 DERIVATIVES AND INTEGRALS OF POWER SERIES 
THEOREM 2 
: 1 
(i) Ce PA Ee, ra. 
A 


2 

. x x 

(ii) e=1+x+-—-4+---4—4°°,, r= oO. 
2! nl 


PROOF (i) is just the geometric series for x. We proved in Section 9.2 that it converges 
to 1/(1 — x) for |x| < 1 and diverges for |x| > 1. 


(ii) Let 


At x = 0 we have y = 1. We can find dy/dx by Theorem 1. 


dy n-1 fea) xr 2 ym 


2 nx 
ee er = 2 Gl a 


n=1 =1 


The radius of convergence is 00, so for all x, 
dy 
qe. y 

The general solution of this differential equation (see Section 8.6) is 
y = Ce*. 

At x = 0,1 = Ce° = C. Therefore y = e*. 


We shall now get several new power series formulas starting from the power 
series for 1/(1 — x). We shall use the following methods: 


Differentiate a power series. 

Integrate a power series. 

Substitute bu for x. 

Substitute wu? for x. 

Multiply a power series by a constant. 
Multiply a power series by x?. 

Add two power series. 


OmmMoIAR> 


Methods C, D, and G may change the radius of convergence. 
We start with 


1 
(1) ae ee ee r=. 
—x 
Substitute —u for x in Equation 1. 
1 


l+u 


(2) =l-utw—--+(-lfw te, ral 


The radius of convergence is still = 1 because when |—u| < 1, |u| < 1. Let us instead 
substitute 2u for x in Equation 1 and see what happens to the radius of convergence. 


1 
(3) 7 im a a ee r= 


1 
5° 
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The radius of convergence in Equation 3 is r = 3 because when |2u| < 1, |u| < 4. For 
convenience we rewrite Equations 2 and 3 with x’s instead of u’s. Thus 


{ 
(2) shel eth ieenitie oe kee eC 
(3) ! = 14+ 2x + 22x? +--+. 4 Dy" 4 ae 
f=o%-- ; y a 


By integrating 1/(1 — x) and multiplying by —1 we get a power series for In(1 — x), 


[ i : dt = —In(1 — x). 
0 


aan 


Caen ig x 
4 In(1 — x) = —x aa ieee aie AM tat 
(4) n(l — x) a i f 


We next use the power series Equation 2 for [/(1 + x). Substitute x? for x in Equation 
2. 


1 
1+ x? 


(5) =] —x2 4 x4 —.-. + (14 44, r= 1. 


r is still 1 because if |x?| < 1, |x] < 1. We obtain a power series for arctan x by inte- 
grating (5). 


oe | 
dt = arctan x. 


Pe 
x x? (- 1)'x?" 1 
6 BeOS Ss as Ss Ie en 
_ a nS a 2n4+ 1 = 


Finally let us differentiate the series (1) for 1/(1 — x). 


d 1 _ I 
HVE Soe > a 


= 14 2x4 3x74---4 (n+ Dx" +--+, r=. 


(7) (i — x? 


Let us begin again, this time with 
2 


~ x x io ces, Py 
(8) a ae yr ae ee 
Substitute —x for x in Equation 8. 
2 
; 5 — 1)"x" 
(9) ets ye a4! rs : r= x. 
2! nl 
Using the formulas 
e~ + e* ; e <r e°* 
cosh x = ————_,, hx = —.— 
x 5 sinh x 5 


we can obtain power series for cosh x and sinh x. This is our first chance to use the 
method of adding power series. 


2 4 2n 


x x 
(10) cohxa lta tate tate, 


9.8 DERIVATIVES AND INTEGRALS OF POWER SERIES 537 


3 x> x20 i 


? x 

(11) sinhx=x+3,+3, + One y 
Notice that the odd terms cancel out for cosh x and the even terms cancel out for 
sinh x. 

In Section 9.11 we shall obtain power series for sin x and cos x by another 
method. 

We can easily get new power series by multiplying by x’. For example, 
starting with the power series for In (1 — x), we obtain 


pa oe 

In(i — x)= —x ae lee r= 4h, 
a (ua 

xIn(l ~ x) = ~x? - =~ , rel, 
4 5 

x? In(l — x) = —x$ 5 = , rel, 


and so on. Since the series for In (1 — x) has no constant term, we may also divide by 
x to get a new power series. To cover the case x = 0, we let 


in(i — x) : 
fo) = . ifx #0, 
—1 ifx = 
x x? x 
Then 1S a es r=1. 


We can often get a power series formula for an indefinite integral which 
cannot be evaluated in other ways. For example, the integral 


* 2 
i edt 
oO 


is of central importance in probability theory. It is the area under the normal (bell- 
shaped) curve y = e-*’. This integral is not an elementary function at all, so the 
methods of integration in Chapter 9 will fail. However, we can easily find a power 
series for this integral. First substitute x? for x in Equation 9. 
: 4 6 ny2n 
=x Be IP i ee ye ps 
(12) e€ 1-x Pag gp te =A ea r= OO. 


Then integrate. 


x3 x? x7 (—1y"* 'x?8*? 
eae CSO ies Oasis 


i] 


(13) [ ee? dt 
0 


PROOF OF THEOREM 7 It is easiest to prove (iii), then (ii), and finally (1). 


(iii) The series )° , na,x""' and ¥* , (a,/(n + 1))x"*! have radius of 
convergence F. 


Let |x| <r. We may choose ¢ with |x| <c <r. Then )°* a,c" converges 


absolutely. For positive infinite H, Theorem | in Section 9.1 (page 526) 
shows that |c/x|“/H is positive infinite, so H|x/c|” = 0. Therefore 


538 


(14) 
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—sayc!| <|ayc4 


H- 
Hayx : 


Then by the Limit Comparison Test, 4%, na,x"' converges absolutely. 


n= 1 
Similarly )°*~ , (a,/(n + 1))x"*! converges absolutely. 
Now let |x| > r. Using the same test we can show that 1}, na,x"~' and 
7-9 (a,/(n + 1))x"*! diverge. Therefore both series have radius of conver- 


gence fF. 


on: 


(ii) [ foa- ee 


put l 


Let 0 < ¢ < +, Our proof has three main steps. First, get an error estimate 
for the difference between f(t) and the mth partial sum. Second, show that 
f(t) is continuous for ~c <t <c. Third, show that f(t) has the required 
integral. 

The series )°%_, a,c” converges absolutely. Let E,, be the tail 


x 


En = » la,)c". 


n=mti1 


Then lim E,, = 0. 


mo xo 


Moreover, for —c<tS 


x 
»: ay t" 


n=mti 


x 


YY la,.t" | Ss Fags 


n=mt+1 


Therefore E,, is an error estimate for f(t) minus the partial sum, 


m 


En a’ Ss f(t) - 2 a,t" S sae 


We now prove f is continuous on me c]. Since c was chosen arbitrarily 
between 0 and fr, it will follow that f is continuous on (—r,r). Let t ~ u in 
[—c, c]. For each finite m, 

m 


Lr a ys a,t” 
n=0 


{om m 

n 

,t & A," Io ; 
=0 


m 


Yau" — f(u) 


n=0 


Therefore st| f(t) — f(w| S E,, +0 + E,,. 


nee 


Since the £,,’s approach zero, it follows that f(2) ~ f(u). Hence fis continuous 
on [—c, cl. 

To prove the integral formula we integrate both sides of Equation 14 from 
0 tox. Let 0 < x. 


m 


* a 
—E,,x S thdt — Au x"tl ck 
[nea eae 


Again since E,, approaches zero, we conclude that 
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[ foa= 5 ry 


nzont tl 


The case x < 0 is similar. 


@) f'(%) =", na,x"- 
Let g(t) = > na,t?™!. 
n= 


Integrating term by term, 


{ g(t) dt = be a,x". 
0 n=1 


Thus i " g(t) dt = f(x) — dp = SX) — FO) 


By the Fundamental Theorem of Calculus, g(x) = f’(x). 


In part (i) of the proof we needed part (iii) to be sure that the series for g(t) 
converges for —r < t <r, and part (ii) to justify the term by term integration. 


PROBLEMS FOR SECTION 9.8 


In Problems 1-10 find power series for f’(x) and for f* f(t) dt. 


1 foe= 2 10"x" 2 f= by nary 
roe 2 yn 

. » ne A S() = Ps Inn 

5 f(x) = y Atty 6 f= 5 n/a ix" 
a= n=1 

7 f= ox 8 f= Y(t tte 
— 1 

9 f(x) = 2s" 10 f= pe tall 


In Problems 11-34 find a power series for the given function and determine its radius of conver- 
gence. 


1 1 
Bp AN aes we yee 
13 S (x) = arctan (4x?) 14 f(x) = In(1 — 3x?) 
15 f(x) = xIn(1 + 2x) 16 foe) = SS ifx #0, f(0) = 1 
17 fw=e* 18 f (x) = x?e 
19 (x) = sinh(3x) 20 F(x) = cosh(x?) 
21 {w= [ In(1 + 22?) dt 22 f(x) = is arctan (£9) dt 

0 


23 {x= ie edt 24 f(x) = [sint(e a 
0 
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35 


36 


37 


38 


39 


40 
41 
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x x: 2. 
fo) = | tIn(1 — t)dt 26 feo = [| ae 
0 0 

*In(1 ~ et — 
f= [PPPoE 28 feo = | = dt 
0 

: 2x ae oud 
IQ) = Fe HEI) = ea ae 

1 
I(x) (a + x??? 
f(= i 22, Hint: f(x) = arctan (x?), 

t 
1O= T= 


f(x) = arctan x + arctan (2x) 
J (x) = sinh x + xcoshx 


Check the formulas d(sinh x)/dx = cosh x, d(cosh x)/dx = sinh x by differentiating the 
power series. 


x 


no 4nx" has finite radius of convergence r, then 


Prove that if the power series f(x) = )) 
the power series 


f(bx) =F abs) 


has radius of convergence r/b (b > 0), 
Prove that if f(x) = )°%_,4,x" has finite radius of convergence r, then 


has radius of convergence Jt. 
Prove that if 
x p. 
foo= Yar, aX) = ¥ bx" 
n=0 n=0 
have radii of convergence'r and s respectively andr < s, then f(x) + g(x) has a radius of 
convergence of at least r. 


Show that if f(x) = )°* 


, =o GnX" has radius of convergence r, then for any positive integer p, 


x 
x?f (x) = 2 a,x" FP 
n=0 


has radius of convergence r. 
Evaluate ) * , nx", |x| < 1, using the derivative of the power series ae x 


Evaluate), n?x", |x| < 1, using the first and second derivatives of )}%_, x". 


APPROXIMATIONS BY POWER SERIES 


Power series are one of the most important methods of approximation in math- 
ematics. Consider a power series 


S(X) = dg + a,x + agx* +e Fax" +e--, 


The partial sums give approximate values for the function, 


F(X) ~ Ag + ayx + gx? + +++ + 4,x", 
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and the tails E,, give the error in the approximation, 
S&) = do + ayxX + agx? ree ax” a E,. 


If we can estimate the error E, we can compute approximate values for f(x) to any 
desired degree of accuracy. 

In this section we shall give two simple methods of estimating the error. 
A more general method will be given in the next section. Our first method is to use the 
Alternating Series Test. It can be applied whenever a power series is alternating. 


EXAMPLE 1 Approximate In (14) within 0.01. 
We use the power series for In(1 — x), 


2 3 4 5 
in(1 — x) = —x o-5 —=5 tee, r=. 
Setting 1 — x = 14,x = —4, 
in(15} = 1 1 1 P die} 
2 2 2-4 3-8 4-16 5-32 
This is an alternating series. The last term shown is less than 0.01, 
1 1 
5239 7 Tem ~ 0.006 


By the Alternating Series Test, the error in each partial sum is less than the 
next term. So 


In ib) ~5- sata Te spe as: 
2 2 2-4 3+8 4-16 5 +32 
or In (14) ~ 0.401, — error < 0.006. 
The actual value is In (14) ~ 0.405. 
EXAMPLE 2 Approximate arctan 4 within 0.001. 
The power series for arctan x is 
Ber ee” SP see 
arctan x = x — + es eae ah 
Setting x = 4, 
1 1 1 1 


1 
meas 5 Sg! B40 Fie 82510 


This an an alternating series. The last term is less than 0.001, 


1 
0.512 ~ 0.0002. 


Therefore 


error < 0.0002. 


a Gas : + : : 
Po a ae. Sean Ga ioe 


Adding up, arctan ~ 0.4635, — error < 0.0002. 
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The series 


arctan xX = x — 3 so 5 7 

can be used to approximate z. We start with 
tan= = ae arctan aoe af 
6 ofa , ft 6 


Setting x = 1/./3 in the series, 
1 Ase} eal Ea} 
tee, 


This is an alternating series, so 


3 


le 


ee) bet es at 
go has go ee SO Gy 


v3, ~ 0.9072, error < 0.0004. 


Dividing everything by /3/6 we get 
nm ~ 3.1426, error < 0.0013. 


EXAMPLE 3 Approximate e~' within 0,001. 
The power series for e* is 

ides 5 ee xe x as i. 

See ah see Get eat re = 0. 


Setting x = —1, 
120 + 735 — soaa t-°:. 


etal-1+h-t4+d 


The series alternates and the last term is less than 0.001, so 
xo ~ 0.0002. 


error < 


etme Le bee pak et aan: 
Adding up, e! ~ 0.36806, error < 0.0002. 


The actual value is e~ ! ~ 0.36788. 


Our second method of approximation is to start with a known error estimate 
for the geometric series and carefully keep track of the error each time we make a 


new series. 
We recall the formula for the partial sum of a geometric series. 
n+] 


bea I x 


LtxtxP4---4 x7 = 
1-x 


i ae oe 
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ntl 


1 
Thus Ge ee Se Es E-= 


This formula is valid for all x, but the error E,, approaches zero only when x is within 
the interval of convergence (— 1, 1). 


EXAMPLE 4 Approximate I/(1 — 0.02) to six decimal places. Take x = 0.02. 


1 


pe 2 3 
Fog = 1 + 0.02 + (0.02)? + (0.02)* + Ey 


= 1+4.0.02 + 0.0004 + 0.000008 + E, 
= 1.020408 + E,. 
The error E, after four terms is 


(0.02)* __ 0.00000016 Z 0.00000016 
~ {1-002 0.98 0.8 


So 1/(1 — 0.02) ~ 1.020408 to six places. 


Ey = 0.00000020. 


Suppose we wish to approximate In 3 within 0.01. If in the series 


we set 1 — x = 4, x = §, we get 


We know this series converges, but to be sure of an approximation within 0.01 we 
need an error estimate. The next example shows how to get such an error estimate. 


EXAMPLE 5 Given a constant c where —1 < c < 1, find a simple error estimate for 
the power series 


x2 x? x" 
In(1 — x) = ae oS ea 
valid for -l <x Sc. 
We start with the equation 
(i) Se ae eee aie 
Lt 1—t 
For —1 <t<c we have 


1-rt21-<c¢ \E,| < ; 
l—e 


Integrating Equation 1 from 0 to x we have 


x2 x3 ntl x 
= — = ep es E. dt 
(2) In (1 — x) Ris ge +=) + ff - 
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BS Ba iff |x|"? 
E,dt| Ss lt = : 
{ va pe aur) 


Multiplying Equation 2 by —1 and setting m = n + 1 we have the following 
error estimate for In(1 — x), valid for -1 <x <e. 


and 


x? x3 xm 
3 InQl—x)~ x vee ‘ 
3) ng x} | . 2 3 m 
xj} 
error < 


(1 — c)(m + 1) 


EXAMPLE 6 Use Example 5 to approximate In} within 0.01. We set c = x =} in 
Equation 3. 


a i 4 i i 1 
ne, sO eds Bee AGG or 
1/2y"+1 1 
a es 


dim + 1) (m+ 1)2"" 


Table 9.9.1 shows approximate values and error estimates. 


Table 9.9.1 


Approximate value for In} =: Error estimate 
sol ad oes Sta ee wee 
2 244 me2™ | (m+ 1)2™ 
ees eo 

1 0.5000 — 0.5000 0.2500 
2 0.1250 — 0.6250 0.0833 
3 0.04167 — 0.6667 0.0313 
4 0.01563 — 0.6823 0.0125 
5 0.00625 —0,6886 0.0052 


We see that the error estimate drops below 0.01 when m = 5. 
So In5 ~ —0.689, error < 0.01. 
Since In} = —In 2, we also have 


In 2 ~ 0.689, error < 0.01. 


A more rapidly converging series for In 2 can be obtained in the following 
way. Any number a > | can be put in the form 


] x 
Qa O<x< il. 
[-—x 
We simply tak ee ieee 
sim ake x= 
5 ad atl 


By the rules of logarithms, 


In fe = In(1 + x) —In(1 — x). 


We can subtract two series by the Sum Rule. whence 
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This power series is convenient because half of the terms are zero. 


EXAMPLE 7 Find an error estimate for the power series for In((1 + xy(1 — x)) 
valid for —c < x < c. Use it to approximate In 2 within 0.00001. 
From Example 5 we have the following error estimates for in({ + x) and 
—In(1 — x) valid for -c <x <e. 


x2 x3 m 
in eae oe ee (Sy, 
2. 3 m 
ae s jxlts 
ror < ———___—__.. 
(1-c)\(m+ 1) 
2 x3 x” 
—-in(l—-x)~x4+ 24+ —54---4+—, 
2 3 m 
[xfer 
error < 


~ (1 — e)(m + 1) 


We add the two sums and error estimates, 


l+x 2x7 2x5 oe ai 
In ~ 2x 4+ -— paaied aeiss oes 
tes ia na eT 
-j2m+t 
error < |x| 


(1 — c)(2m + 1) 


We wish to choose x so that (1 + x)/(1 — x) = 2. Solving for x we get x = 3. 
Now set c = 4 and x = 4. The error estimate for x = 4 is 


2\x|?"* i _ 1 
(1 —c)(Qm +1) (2m 4 1937" 


Table 9.9.2 
Approximate value for In 2 Error estimate 
m : of a an Z : 
(2m — 1)3*"~! 1-3 3-27 (2m — 1)32"7! (2m + 1)3?” 
mf 

1 0.666667 0.666667 0.037037 

2 0.024691 0.691358 0.002469 

3 0.001646 0.693004 0.000196 

4 0.000131 0.693134 0.000017 

5 0.000011 0.693146 0.000002 


The error estimate drops below 0.00001 when m = 5. Thus 
In 2 ~ 0.693146, error < 0.00001. 
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EXAMPLE 8 Find the sum of the alternating harmonic series 


1-54 5-f4-5:. 


Our first guess is to set x = ~1 in the power series 
2 3 4 
x x x 
In(l-~x x ree, r=. 
( ) 2 3 4 


This suggests to us the sum 
In2=1-$+3-4+4+--:. 


We know the series converges to something by the Alternating Series Test. 
For —1 < x < 1 the series converges to In(1 — x). But x = —1 is an end- 
point of the interval of convergence and the general theorem on integrating 
a power series does not apply. So we must go back to the beginning and use 
the equation 


iT piri 
——=(lt¢tt+-- +e) +———. 
a Cra ie aed ae a 
Fort < 0, |r"*!'/(1 — o)| < |t"*4], whence 
1 
pr ttt t+ EELS 14 
Integrating from 0 to x, 
x? yr xt 2 
-InQd -~-x)=([x+—>+:°: FP, Fl Ss , 
a Dn a Ee ae bes MF n+ 2] 
This holds for all x < 0. 
Now we set x = —1 and see that the error term |F,| < 1/(n + 2) approaches 
zero. This proves that In2 really is the sum of the alternating harmonic 


series, 
In2=1—$4+4-G4--:. 


The alternating harmonic series converges very slowly, because after n terms 
the error estimate is only I/(n + 1). 


PROBLEMS FOR SECTION 9.9 


Problems |—12 below are to be done using a power series with an error estimate. Ifa hand calculator 
is available they can be worked with the errors reduced by an additional factor of 1000. 


Approximate In (1.2) within 0.01. 
Approximate arctan (4) within 1077. 
Approximate e~ '/* within 0.00001. 


I 


4 Approximate | e~ dt within 0.01. 


0 


1/2 1 
5 Approximate } =——; dt within 0.0001. 
o Itt 


1/2 
6 Approximate | In (1 + ¢?) dt within 0.001. 
0 
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1/3 
7 Approximate { “ arctan (t) dt within 0.0001. 
: 0 
12 
8 Approximate { arctan (7) dt within 0.00001. 
0 
9 Approximate 1/(1 — 0.003) within 0.0001. 
10 Approximate In 3 within 0.1 by the method of Example6,. Hint: In3 = —In(1 ~— x) 
where x = 3. 
il Approximate In 3 within 0.001 by the method of Example 7. 
12 (a) Approximate In (14) within 0.00001 by the method of Example 7. 


(b) Approximate In 3 within 0.00002 using the formula In 3 = In 2 + In (13). 


In Problems 13-18 find a power series approximation with an error estimate for f(x) valid for 
—4 <x <4. Then approximate f(4) within 0.01, 


B {Qee" 14 flv) = [int = ode 
1~-x 0 
15 f(x) = : 16 fx) = [ade 
a ee a Jo PB 
Hint: x? = 4 when x = 4. 
17 f= { nea 18 f= [ In(l — #2) dt 
0 ce) 
oO 19 Using the power series for arctan x at x = 1, show that 
esd cil es Me. Tag, 
gr Bo Re AT 
oO 20 Using the power series for [* In (1 + t) dt at x = 1, show that 
Mn2—-1t= 1 7 1 1 { 1 


[2 2.4 Ag eS ee 
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If we wish to express f(x) as a power series in x — c, we need two things: 


(1) A sequence of polynomials which approximate f(x) near x = c, 


(1) Ag, Ag + ay(x ~ C),...,49 + a(x —c) +--+ + ax — )",.... 
(2) An estimate for the error E,, between f(x) and the nth polynomial, 
(2) F(X) = dg + a(x — c) +--+ + a(x — oc) + E,. 


In the last section the formula 


1 ntl 
—s— =lt+xt+:--+x"+F&F,, E, = 
1—x 


was used to obtain power series approximations. A much more general formula of 
this type is Taylor’s Formula. In Taylor’s Formula the nth polynomial P,(x) is chosen 
so that its value and first » derivatives agree with f(x) at x = c. 

The tangent line at x = c¢, 


RO) = fO + flO — o), 


has the same value and first derivative as f(x) at x = c. A polynomial of degree two 
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with the same value and first two derivatives as f(x) at c is 
‘ m(a 
Po) = fl) + Foe ~ 9 + Fe — 


P,(x) and P,(x) are the first and second Taylor polynomials of f(x) (see Figure 9.10.1). 


7, 
~ P(x) 
vse 


Figure 9.10.1 First and Second Taylor Polynomials 


To continue the procedure we need a formula for the nth derivative of a 
polynomial. 


LEMMA 1 


Let P(x) be a polynomial in x — c of degree n. 
P(x) = dg + a(x — c) + a(x — oc) +--+ +, (x - ©)" 


For each m S n, the mth derivative of P(x) at x = ¢ divided by m! is equal to 
the coefficient a,,, 


P"%e) 
= 4a4),- 


m! 


PROOF Consider one term a,(x — c)*. Its mth derivative is 
k(k — 1)++-(k — m+ Dax — ek ifn <k, 
mld, ifm =k, 
0 ifm > k. 
At x = c, the mth derivative of a,(x — c) is: 
O ifm <k, m!a,, ifm = k, Oifm > k. 


It follows that Pc) = m!a 


mt 


This lemma shows us how to find a polynomial P(x) whose value and first 
n derivatives agree with f(x) at x = c. The mth coefficient of P(x) must be 


eG) 


ay = t 
Wh. 


9.10 TAYLOR’S FORMULA 


DEFINITION 
Let f(x) have derivatives of all orders at x = c. The nth Taylor polynomial of 
f(x) at x = c is the polynomial 


” (n) 
P(x) = f(0 + f(x —0c) + LO —cP~ tert ae — cj". 


By Lemma 1, P,(x) is the unique polynomial of degree n whose value and first n 
derivatives at x = c agree with f(x), 


Pfc) = f(0), Pre) = f'(0),-- «5 Pro) = FCO). 
The difference between f(x) and the nth Taylor polynomial is called the nth 
Taylor remainder, . 
R(x) = f(x) — P,(x). 
Thus 
ea) 


aI (x — c)" + R,(-x). 


(x — cp +: 


fo) =f + Howe —9 + 


EXAMPLE 1 Find the first five Taylor polynomials of sin x at x = 0. We work them 
out in Table 9.10.1. 


Table 9.10.1 
L(x) £0) 

0 sin x 0 

1 cos x x 

2 —sin x ix 

3 —cos x x — x3/3! 

4 sin x x — x3/3! 

5 cos x x — x3/3E 4 x9/5! 


Since the even degree terms are zero, the 2nth Taylor polynomial is the same 
as the (2n — 1)st. Figure 9.10.2 compares the first and third Taylor poly- 
nomials with sin x. 


Figure 9.10.2 
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We can easily find the Taylor polynomials of f(x) by differentiating. Let us 
now try to find a formula for the Taylor remainders. The Mean Value Theorem gives 
a formula for the Taylor remainder, Ro(x). 


MEAN VALUE THEOREM (Repeated) 


Suppose f(t) is differentiable at all t between c and d. Then 


_ fa) = fle 


d—-—c¢ 


F'(to) 
jor some point to strictly between c and d. 
When we replace d by x, this gives the formula 
L(x) = fle) + Rolx) —Rolx) = (to) (x — ©). 


Taylor’s Formula is a generalization of the Mean Value Theorem which gives the 
nth Taylor remainder. 


TAYLOR‘S FORMULA 


Suppose the (n + I)st derivative f"* "(t) exists for all t between c¢ and x. 


Then 
a, “Ut, 
I(x) = fle) + f(x — ©) + ae tg ae eo Ps — ce)" + R(x) 
aes fern) ; false 
where Rix) = (= 1)! (x — ¢) 


for some point t, strictly between ¢ and x. 


Notice that the remainder term looks just like the (# + I)st term of a Taylor 
polynomial except that f"*'(c) is replaced by f* "(t,). 

When c = 0 Taylor’s Formula is sometimes called MacLaurin’s Formula. 

Taylor’s Formula can be used to get an estimate of the error R,(x) between 
f(x) and the Taylor polynomial P,(x). For example if 


[f?* "(r)| s Mavi 


for all t between c and x, then we obtain the error estimate 


M,, 7 
IRS 7 epik ec: a 


Taylor polynomials with the error estimate are of great practical value in obtaining 
approximations. In the next example we use Taylor’s Formula to approximate the 
value of e. 


EXAMPLE 2 Find MacLaurin’s Formula for f(x) = e*. 
The nth derivative is f(x) = e*. f"(0) = 1. MacLaurin’s Formula is 


ey 3 mi n+] 
eee aaah sore, R,(x) = eb —— — 
f=) 3 n! ja aan (a + 1)! 
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for some f, between 0 and x. For ¢ between 0 and x the value of e’ is always 
less than or equal to 3"! for 


e < ebl < 3h, 
We therefore have the formula 
2 n 


: x x Ix 
Bf se eae Me x), Pea ae 
(3) e +x+ 1 + + nl + Rx) |R,(x)| < 3 ae 


jee 


The formula (3) can be used to approximate e*. Let us set x = | and approxi- 
mate e. The error estimate is now 
\xl"* { 3 
(n+ 1)! (W+DP 


ais. 


| Approximate value for e Error estimate 
1 1 1 3 

! ered bhp tes sean 

n 1/n! it+l+atayt+ eer +p! 
t 

2 0.500000 2.500000 0.500000 
3 0.166667 2.666667 0.125000 
4 0.041667 2.708333 0.025000 
5 0.008333 2.716667 0.004167 
6 0.001389 2.718056 0.000594 
7 0.000198 2.718254 0.000075 
8 0.000025 ; 


This compares with e = 2.718282. 


EXAMPLE 3. Find MacLaurin’s Formula for f(x) = sin x. The derivatives are 
f(x) = sinx f(0) =0 
Sf '(x) = cos x f(0) =1 
f(x) = —sin x f'(0) = 0 
f(x) = —cos x fO) = -1 
fOX) = sin x f(0) = 0 
FOX) =cosx ff 0) = 1 


MacLaurin’s Formula for 2n terms is 


x3 x3 x7 yen i 
Boyes Bg 5p (ay Bh Be A —1)'"!———— + R,,(x), 
sin X = x TT at +(-1) Qn iit 2n(X) 
2n+1 
=(-l1y t——_—_.. 
She OO One! 


For all ft, |cos t] < 1, so we have the error estimate 


jxfar 


IRaalx)| S Qn 4 Di 
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MacLaurin’s Formula can be used to approximate sin x (with x in radians) 
when x is close to zero. We approximate sin (18°) as follows. 


SIRS ] ~ 0.31415927 radians. 


| Error estimate 
Approximate value of P,(x) | Ix]2"*172n + 1)! 


2n-1 


x 
n (-ly' 5 


(2n — 1)! 
1 | 0.31415927 0.31415927 0.00516771 
2 | —~0.00516771 0.30899156 0.00002550 
3 | 0.00002550 0.30901 706 0.00000006 


Thus sin (18°) ~ 0.3090171 to seven places. 
The proof of Taylor’s Formula uses the following generalized form of the 
Mean Value Theorem. 


GENERALIZED MEAN VALUE THEOREM 


Suppose f and g are differentiable at all t between c and d, and that g'(t) # 0 
jor t strictly between ¢ and d. Then 


F'to) _ fd) — flo) 


(to) gd) — gc) 


for some point to strictly between c and d. 


This theorem can be illustrated graphically by plotting the parametric 
equations x = g(t), »y = f(t) in the (x, y) plane, as in Figure 9.10.3. 
lf f(c) = 0 and g(c) = 0, the formula in the theorem takes on the simpler 
form 
Sto) _ f(d) 
B(to) ad) 


This is the form which will be used in the proof of Taylor’s Formula. 


y 


f(d) — fle) 


c 
lL g(d) ~ g{c) 


x=g(t) y=S(y) 


Figure 9.10.3 
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PROOF OF THE GENERALIZED MEAN VALUE THEOREM Introduce the new 
function 


h(t) = fO(s@) — gl) — sHF@ — fle). 


Then h(1) is also differentiable at all points between c and d. Furthermore, at 
the endpoints c and d we have 


A(c) = f(e)g(d) — f(d)g(c) = h(a). 
We may therefore apply Rolle’s Theorem, whence there is a point f, strictly 
between c and d such that h’(t)) = 0. Differentiating A(t), we get 
h(t) = f'O(g(4) — glo) — gO — flo). 
Therefore at t = fo, 
0 = f'(to)(g(@) — sfc) — g'(toM f(D — f(c)). 


g'(t) is never zero. Also, g(c) # g(d) because otherwise Rolle’s Theorem would 
give a t with g’(t) = 0. We may therefore divide out and obtain the desired 
formula 


Ito) _ JM — fO) 
g(to) —_g(d) — gc) 


PROOF OF TAYLOR'S FORMULA Let F(x) = R,(x), G(x) = (x — c)"*). 


Then F(x) = f(x) — P,(x). f(x) and the nth Taylor polynomial P,(x) have the 
same value and first n derivatives at x = c. Therefore 


F(c) = F'(c) = F"(c) = --- = Fc) = 0. 
We also see that 
G(c) = Gc) = G"(c) = ++» = G™(c) = 0. 
Using the Generalized Mean Value Theorem n + | times, we have 
Flo) _ FOo) 


= —— for some fy strictly between c and x; 
Gi(to) GOO) ce 
Fty) — F'(to) 


G"(t;)  G'(to) 


for some f, strictly between c and ty; 


eo \t,) _ FM (eos) 
(Sas (t,) ~ Ge 3 1) 


for some t, strictly between c and t,_,. 


Fer \t,,) "7 F(x) 
GIT) Ge): 


It follows that 


Either 
cept a She OF Keg Sy SoS hee 
so t, is strictly between c and x. The (n + 1)st derivatives of F(t) and G(t) are 


Fortney zm fete) me 0, Gtr) = (n + 1)! 
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Substituting, we have 


y iagehe | 9) R,{x) 
(a+ 1)! (x — opt? 


and Taylor’s Formula follows at once. 


PROBLEMS FOR SECTION 9.10 


In Problems [-8. find MacLaurin’s Formula for f(x), and use it to approximate /(3) within 0.01, 
(Ifa hand calculator is available, the approximations should be found within 0.0001.) 


1 


3 
5 
7 


f(x) = cos x 2 J (x) = sinhx 

JS (x) = sin (2x) 4 JS (x) = 100e* 
f(x) = sin x cos x 6 f(y= Vix 
f(x) = (4 + x)73? 8 f(x) =(1 -— xy? 


In Problems 9-18 find the first two nonzero terms in MacLaurin’s Formula and use it to approxi- 
mate f (4). 


9 
1 
13 


15 


17 


19 
20 
21 


22 


f(x) = tanx 10 f(x) = sec x 
J (x) = aresin x 12 J (x) = sin (e*) 
J (x) = In(1 + sin x) 14 f(x) = fx? + 1 
[ "Pat 16 i sin (12) dt 
0 0 
[ * sin (In (I+ d)dt 18 [ ” aresin (t2) dt 
0 0 


Find Taylor’s Formula for f(x) = e* in powers of x — 2. 
Find Taylor’s Formula for f(x) = In x in powers of x — 10. 


Find Taylor’s Formula for f(x) = x? in powers of x — |, where p is a constant real 
number. 


Find Taylor’s Formula for /(x) = sin x in powers of x — 2. 


TAYLOR SERIES 


DEFINITION 


If we continue the Taylor polynomial (by adding three dots at the end) we 
obtain a power series 


uw ) 
flO + fle -— 0) + fo poeeees, 4: fee Saree: 
Lx e (nn 
2 t 10 ale 


n 


o UO! 


This series is called the Taylor series for the function f(x) about the point 
X=C 
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The Taylor series about the point x = 0 is called the MacLaurin series, 


7 (n 
f0) + fOx + Fe + vos pL Oey vee 


ni 
At x = c the Taylor series about the point c converges to f(c). But we have 
no assurance that the Taylor series converges to f(x) at any other point x. There are 
three possibilities and all of them arise: 
(1) The Taylor series diverges at x. 


(2) The Taylor series converges but to a value different than f(x). (For an 
example, see Problem 28 at the end of this section.) 


(3) The Taylor series converges to f(x); i.e., f(x) is equal to the sum of its 
Taylor series. 
Theorem 1 shows that if we already know a funciion f(x) is the sum ofa power 
series, then that power series must be the Taylor series of f(x). 


THEOREM 1 
Suppose f(x) is equal to the sum of a power series with radius of convergence 
r>0, 


xs 


£0) = Yale — of 


n=0 
Then the power series is the same as the Taylor series for f about c. In other 
words, a, is just f(c)/n! for n = 0,1,2,.... 


Discussion A function which is equal to the sum of a power series in x — c (with 
nonzero radius of convergence) is called analytic at c. The theorem shows that 


every analytic function is equal to the sum of its Taylor series, 


PROOF Since power series can be differentiated term by term within its interval of 
convergence, all the nth derivatives f(c) exist. Let us compute f(x) and 


setx =c. 
fle) = ¥, aioe — of flo) = a 
Pe) = Y male — fo =a, 
i") = : n(n — a,x — o)"-?, fle) = Bag 
f") = ¥ nln = In — aoe = "3, sc) = 34a3 


fx) = FY nn —1)--- GQ —k + Yale — of" & fe) = kay. 
n=k 
Thus for each n, 


a, = f(c)fn\, 
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and the original power series is the same as the Taylor series of f(x), 


x ae OQ), ,\ 
» a,{x cy" Sea » r s 


n=0 n=0 


(x — c)". 


EXAMPLE 1 Let f(x) be a polynomial in x — c¢, 
SX) = dy Faylx — ++ + ax — 0 


This is just a power series with all but the first n + 1 coefficients equal to 
zero. So by Theorem 1, the Taylor series of the polynomial is just the poly- 
nomial itself followed by infinitely many zeros, 


do ta(x —c) +--+ 4a(x—c"+04+04+---. 
We can also see this directly from Lemma | of the last section, namely 


ron) 


m! 


= Ay form <n. 


Here is a review of the power series obtained earlier in this chapter. By 
Theorem 1, they are all MacLaurin series. 


l 
(1) oy ee ee ee |x| < | 
I 2 3 4 
(2) yee So? xt ees Ix] < 1 
(3) ag eR HRP + 2 hte Ix] <4 
-2 3 4 
(4) le Sa aa Ix] <1 
1 
(5) a a ae a vag « oebeed 
x3 x> x7 x? 
6 te x=>xX eon 
(6) arctan x = x 3 tS 7 +5 ; |x| < 1 
1 
(7) fat er es Ix] < 1 
2 3 4 
(8) gos ed eS tees 
2! 3! 4! 
=s eg gt 
eC Sh oS gia 
NO Pr ee 8 
~ eae Te aT 
SST. SER I. ag? 
(11) SS ag ee at ot 
4 6 8 
(12) ee ee ergata a 
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x re or) -7 9 


a2) i CRUE eo aa aca 
(14) inf) So a ess Ix] <1 
At the end of this section we shall add three important power series to our 
list : 
(15) snxex-F 42-54% - 
(16) cosxet-S4e 54% - 
a7) (t+ xyPP=1+px+4 ee 38 + PIP = 2° = 2) tee, [xf <l, 


where p is constant. 


The last series is called the binomial series. 

It is interesting to observe that the derivatives of an analytic function at 
zero can be read directly from the MacLaurin series. Sometimes it is quite hard to 
compute the derivative directly but easy to take it from the MacLaurin series. 


EXAMPLE 2 Find the sixth derivative of f(x) = 1/(1 + x?) atx = 0. 
If we try to differentiate directly we will be hopelessly bogged down at about 
the third derivative. But from the MacLaurin series we see that 
1 
1+ x? 
LOO). g 
Gee © ee? 
f£O0) _ 
6 
f©(0) = —6! 


=1—x*4+xt-— x 4.-.., 


— 720. 


Suppose we are given a function f(x) and a point c, and we wish to represent 
f(x) as the sum of a power series in x — c. This will be possible for some functions 
(the analytic functions), but not for all. Theorem | shows that if there is such a power 
series it is the Taylor series for f(x). Thus we use the following steps to represent 
f (x) as a power series. 


Compute all ‘the derivatives f(c),n = 0,1,2,.... If these derivatives do 
not all exist, f(x) is not the sum of a power series in powers of x — c. 


Step 1 


Write down the Taylor series of f(x) at x = c and find its radius of con- 
vergence r. 


Step 2 


If possible, show that f(x) is equal to the sum of its Taylor series for 
ec-r<cx<ccte. 

We shall now use Steps 1-3 to obtain the power series for sin x, cos x, and 
(f + x). 


Step 3 
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THE POWER SERIES FOR sinx 


Step 1 This step was carried out in the preceding section. The values of f (0) for 
n=0,1,2,... are 


0, 1,0, —1,0, 1,0, —1,.... 


Step 2. The MacLaurin series for sin x 1s 


x3 a xo ad P y? 2 ( yr! ye : 
a ea — —. Pier tee 
3! 5! 7! 9! (2n — I)! 
y2nnt 
Let 6, =(-1)""! . We use the Ratio Test, 
(Qn — 1! 
oy 

li [Bn 1) = lim “ = 0) 
noe | b,, : nox 2n(2n + 1) 


Therefore the series converges for all x and has radius of convergence x. 


Step 3. We use MacLaurin’s Formula, 


x3 x5 x? xno 
sinx=x— Jt qt HOW apy F Raul 
j2n+ 
Raa so 
Let us show that the remainders approach zero. We have 
Pee an lim R,,(x) = 0. 
nx (2n + 1)! : ee roe 


Since the even terms are zero, R>,,— ;(x) = R2,(x). Therefore 


lim R,(x) = 0. 


nven 


Conclusion: Since the remainders approach zero, the MacLaurin poly- 
nomials approach sin x. So for all x, 


SI By ga gi 
THE POWER SERIES FOR cos x 


This power series can be found by the same method as was used for sin x. However, 
it is simpler to differentiate the power series for sin x. 


d(sin x) 
— = cos x. 
dx 
fash 3x% 5x* 7x8 9X8 
COP OS ae ae ala! ON" 
5 en GU Sa cs 
cos x = | + — + 


THE BINOMIAL SERIES FOR (1+ x)? 


Let us first consider the case where p is a nonnegative integer m, whence (1 + x)" isa 
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polynomial. The Binomial Theorem states that for nonnegative integers m, 
mim — 1) 
2! 
m(m — 1)---(m—k + 1) 
k! 


Setting a = 1 and b = x we obtain a finite power series for (1 + x)", 


(a + by" = qm + ma™—'b + a? 2p2 


a" "bk Spy a yk. b”, 


mim — 1), 
ee 
—1)---(m—k+1 

m(m ) am + ) iy 


(1+xJ"=1+mx+ 


fee) H + xh 


When p < 0, and when p > 0 but p is not an integer, we shall see that (1 + x)? 
is the sum of a similar power series but with infinitely many terms. Let g(x) = (1 + x)?. 


Step 1 By differentiation we see that 
g(x) = pl + xP}, 
g(x) = pip — 1) + xP’, 
g(x) = pp — 1)---(p—n + I + xP. 
Thus at x = 0, g(0) = 1, 
g'(0) = p, 
g"(0) = pp — 1), 
20) = pp — 1)---(p —n + I). 


Step 2. The MacLaurin series is 


fo) = 1+ px + PP Ce ie a e iG one: 
We use the Ratio Test. 
Gok ye ee — Ds = Mn+ DY _ pal 
a, pip — 1)-+-(p— n+ I)jn! n+1 
tim | | = tim 2" ix| = [XI 
n>x| ay nox n+l 


Therefore the series converges for |x| < 1, diverges for |x| > 1, and has 
radius of convergence r = 1, We denote the sum by f(x). 


Step 3 We wish to show that the sum f(x) is equal to(1 + x)? for|x| < 1. In this case, 
the MacLaurin Formula does not give the needed information (see Problem 
27 at the end of this section). Instead we show that the quotient f(x)/(1 + x)? 
has derivative zero for |x| < 1. We have . 


FOC + x) — pf) 
(i+ xt! 


dy. = 
Ded OU +x} "J= 
x 
It suffices to show that 


F'O)U + X) = pfx) or f'Ox) + xf'(x) = pf (x). 
Let us compute f(x) and xf‘(x). 
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= 39 
fs) = p + pip — Dx +? 2 ve ) 2 
ie pip — ne 2)(p — 3) = 


AR SRS 2) aoa: 2, 


xf'(x) = px + p(p — 1x? + - 


Adding the power series, we have 


p(p — 1) 


5 [(p — 2) + 2]x? 


S') +9) = p+ ple — 1) + Lx + 
Pe = De - 2) 


31 [((p — 3) + 3JxP + 


ee re a ep ~ia4 | 


= A + px + 
= Pf (x). 


Ths tA WO=O Aeol+y1=0. 
We conclude that for some constant C, 
f+ xyP=C. 
At x = 0, f(x) = 1 = (1 + x)”. Hence C = 1. This shows that (1 + x)? = 
J (x) for |x] < 1, 
Thus we have the binomial series 


(ee ips? 
(1 x= 1 + px + PP 2 4 PP we a es 


EXAMPLE 3 Find the power series for arcsin x. 
Recall that for |x| < 1, 


* dt x 
aresin x = | =| (1 — £2)~ 1/2 dp. 
o /1 —?? to) 


We start with the binomial series with p = —} and obtain the following 
power series by substitution and integration. They are valid for |x| < 1. 


(1 ms x) 1? =|- us + (-3}(-3 ae = 


2 2 DY 2 
ee Pee eee | 
ae in se 
(1 yada set axe ge gp On Dn fs ios 
(Paya 1 tse tox te ae mma., 


; ! 1-300 (Qn — 
arcsinx =x +>x jo aii aie 2 (2n 1) ant 


6. * 40 nln + 1) oe 
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PROBLEMS FOR SECTION 9.11 


1 Find f(0) where f(x) = 1/(1 — 2x?). 
2 Find f‘(0) where f(x) = x/(1 + x’). 
3 Find f©©(0) where f(x) = xe*. 
4 Find f (0) where f(x) = cos (x?). 
5 Find f™(O) where f(x) = x? In(1 + x). 
6 Find (0) where f(x) = (arctan x)/x if x # 0, and f(0) = 1. 
In Problems 7-24, find a power series converging to f(x) and determine the radius of convergence. 
7 fo) = &? 8 f(x) = xe 
9 f(x) = /1 + 2x 10 f(x) = (1 — 4x18 
11 f(x) = cos fx 12 f(x) = arcsin (x3) 
13 fo) ="2* itx #0, fO)=1 
14 fo) = = SS* ifx#0, fO =}. 
x 
= ae Se iseme 
15 fw= /1-x 16 f(x) +x 
7 f(y= { sin (0°) dt 18 fo = | 17 sin tdt 
0 0 
me x 
19 LX) = fr sinh (t?) dt 20 fe) = | In (i + t?) dt 
iv) 0 
21 f%) =| (+ 2)" at 2 Fe) =| Mobd 
0 0 
xe . Bd 
23 fx) =| ee at 4 © f(xye [ aresin (2) dt 
0 ie) 
25 Find the Taylor series for In x in powers of x — 1. 
26 Find the Taylor series for sin x in powers of x — 1/4. 

O 27 Use Taylor’s Formula to prove that the binomial series converges to (1 + x)’ when 
~% <x <1. (The proof in the text shows that it actually converges to (1 + x)? for 
-l<x<1l), 

oO 28 Let ifx =0, 


0 
F(x) {ona if x Ps 0, 


Show that f™(0) = 0 for all integers n; so for x 4 0 the MacLaurin series converges but 
to zero instead of to f(x). 
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Determine whether the sequences 1-5 converge and find the limits when they exist. 


1\" Ly" 

1 al 2 a= 1+—,| 
| - | Jn 

3 a, = (1 +n)” 4 a, =n! — 10" 


oOo 5 a, =n"/n! (Hint: Show that a,,, 2 2a,.) 
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Determine whether the series 6-12 converge and find the sums when they exist. 


6 1434 5+--4+6" 4°: 

7 1-14 1.41 -— (111+ 1.1111 ---- 

8 igen eres Semen era ened ier pes : + 

8 8 27 27 64 wm (n+ 1p 

9 641943444 9+ as +-- +O t+ 
x 7H _ 6h x 7.5" 

10 11 — 
n=0 Ss" > 6" 
~ 2n— 3 

2 ae 

i Derew: 


Test the series 13-23 for convergence. 
~ 3H -—7 = 5 


" azo LOn + 9 “ x 6n? +n — 1 
15 y =e nes 16 = ne~” 
nail + 2/n + 3n n= 
17 (In (n))~” 18 So nvinn 
n=2 n=2 
19 y Inn7 20 y (-1)"//in a 
n=2 n=3 
21 ee w(t = =| 2 y (=1y"'n 
n=1 n=1 
Ee yin 
23 Y (-ly"— 
n=l n 
24 Test the integral f oe ¥* dx for convergence. 
25 Test the integral |¥ (In x)~* dx for convergence. 
26 Approximate the series = , (— 1)"(I/n*) to three decimal places. 
Test the series 27-30 by the Ratio Test. 
a = 2"(n!) 
a 28 
7 Loe Zot 
2 A" = 100"(n!)° 
on x (In n)" ” 2 , (Gn)! 


Find the radius of convergence of the power series in Problems 31-35. 


31 S 2"Px" 32 Yon" 
n=0 n=1 
x x" a 
33 by rena 34 > x/nl/a" 
n=1 . n=1 
= nl 
3 many 2n 
zl 2 ni" : 
36 Find the interval of convergence of ae (x + 10)"/(In n). 
37 Find the power series and radius of convergence for f’(x) and J% f(t) dt where 


BS 


Sx) = ¥ ata + 1)2"x". 


n=1 


38 Find a power series for f(x) = 1/1 + 2x°) and determine its radius of convergence. 


39 


OO 
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Find a power series for 
* arctan (t? 
fe = fa 
0 t 
and determine its radius of convergence. 
; 12 arctan (17) oe 
Approximate [ Ot within 0.0001. 


10) 
Approximate [?/* t In(1 — 2) dt within 0.001. 
Approximate e'/> within 1077. 
Approximate [1/7 e"' de within 0.01. 
Find a power series for (1 + x°)~> and give its radius of convergence. 
Find a power series for |* (1 + 217)” 7/3 dt and determine its radius of convergence. 
Prove that any repeating decimal 

0.b,b2...5,b1b2...b,byb2...B,..- 
(where each of b,,...,5,,isa digit from the set {0, 1,...,9}) is equal to a rational number. 
Approximately how many terms of the harmonic series 1 +4+4+4+.---+ I/n+--- 
are needed to reach a partial sum of at least 50? Hint: Compare with 4 (1/t) dt. 
Suppose )'*_, a, = co and)’. , b, is either finite or v0. Prove that )”. , (a, + 6,) = %. 
Suppose ey a, is a convergent positive term series and ys , 5, iS a rearrangement of 
Y 2, 4,. Prove that )™ , b, converges and has the same sum. Hint: Show that each 
finite partial sum of )°*_, a, is less than or equal to each infinite partial sum of )°*_, b,, 
and vice versa. 
Give a rearrangement of the series 1 — 4 + 4 — 4+ .--- which diverges to ~— x. 
Suppose )°?_, a, = ), b, = S,anda, < c, < 6, for all n. Prove that °*_, ¢, = S. 
Prove the following result using the Limit Comparison Test. 
Let a, and }”_, b, be positive term series and suppose lim (a,/b,) exists. If 
nae 
Y@., 6, converges then }°”_, a, converges. If } , a, diverges then )°” , b, diverges. 
Multiplication of Power Series. 
Prove that if f(x) =), a,x" and g(x) = ) 7.4 b,x" then f(x)g(x) = deae c,x" where 
Cy = Agby + dyb,-, + +++ +4, 1b, + abo. 
Hint: First prove the corresponding formula for partial sums, then take the standard 
part of an infinite partial sum. 
Suppose f(x) is the sum of a power series for |x| < r and let g(x) = f(x?). Prove that for 
each n, 
0 if n is odd, 
20) =< a! 
(n/2)! 


f@?(0) if nis even. 


Show that if p < —1 then the binomial series 

pp—1) 2, pPe-De-2), 
apes 3! ie 

diverges at x = 1 and x = ~—1. Hint: Cauchy Test. 


1+ px + 


x 


If p > 1, the series converges at x = | and x = —1. Hint: Compare with )\*_, I/n?. 
Note: The cases ~1 < p < 1 are more difficult. It turns out that if ~1 < p <0 the 
series converges at x = [ and diverges at x = —1. If p = 0 the series converges at 
x=landx=—-1. 

Prove that e¢ is irrational, that is, e # a/b for all integers a,b. Hint: Suppose e = a/b, 
e-! = ba. Lete =e} — ¥4_ (—1)"/n!. Then |e] = 1/a! but [cl < 1a + 1)! 


n=O 
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